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ABSTRACT. In this paper we prove a categorification of the Grothendieck—Riemann—Roch theorem. Our
result implies in particular a Grothendieck—Riemann—Roch theorem for Toén and Vezzosi’s secondary Chern
character. As a main application, we establish a comparison between the Toén—Vezzosi Chern character
and the classical Chern character, and show that the categorified Chern character recovers the classical de
Rham realization.
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1. INTRODUCTION

In this paper we prove a Grothendieck—-Riemann—Roch theorem for the categorified Chern character
defined in [T'V15] and in [HSS17]. Our result yields in particular a Grothendieck-Riemann-Roch theorem
1
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for Toén and Vezzosi’s secondary Chern character, thus answering a question raised in [TV09]. Our main
applications include

(1) aproof that the Toén—Vezzosi’s Chern character [TV09, TV15] matches the classical Chern character
[McC94, Kel99],

(2) a proof that, in the geometric setting, the categorified Chern character recovers the de Rham real-
ization of smooth algebraic varieties.

Throughout the paper we will work over a fixed connective E., ring spectrum k.

1.1. The categorified Chern character. Categorified invariants arise naturally in homotopy theory. Over
the last thirty years a rich picture relating the chromatic hierarchy of cohomology theories to categorification
has emerged. On the first step of the chromatic ladder, K-theory classifies vectors bundles, which are one-
categorical objects. Cohomology theories of higher chromatic depth, such as elliptic cohomology, are expected
to classify higher-categorical geometric structures. The literature on these aspects is vast: we refer the reader,
for instance, to [BDRO04] for an account of the connections between elliptic cohomology and the theory of
2-vector bundles.

A different source of motivations for studying categorified invariants comes from representation theory.
From a modern perspective, the Deligne-Lusztig theory of character sheaves can be viewed as an early
pointer to the existence of an interesting picture of categorified characters. In the last decade categorical
actions have become a mainstay of geometric representation theory. As shown by Khovanov—Lauda and
Rouquier [KL09, KL11, Rou08], categorical actions encode subtle positivity properties. Further, they play
a key role in recent approaches to the geometric Langlands program due to Ben-Zvi and Nadler [BZN12,
BZN13a, BZN13b], Gaitsgory, Arinkin, and Rozenblyum [Gail5, GR16]. A comprehensive character theory
of categorical actions of finite groups was developed by Ganter and Kapranov in [GKO08], extending earlier
results of Hopkins, Kuhn, and Ravenel [HKR92].

In this paper we build on the theory of categorified invariants of stacks developed by Toén and Vezzosi
in [TV09] and [TV15]. If X is a scheme (or stack), the Chern character is an assignment mapping vector
bundles over X to classes in the Chow group or in any other incarnation of its cohomology, such as its
Hochschild homology HH(X). Toén and Vezzosi’s secondary Chern character is a categorification of the
ordinary Chern character. It takes as input a type of categorified bundles, given by fully dualizable sheaves
of categories over X locally tensored over Perf(X), and lands in a higher version of Hochschild homology.

More precisely, fully dualizable sheaves of categories over X form an co-category denoted by ShvCat®**(X).
The Toén—Vezzosi’s secondary Chern character is a morphism

(1.1) ch@: 1(ShvCat™! (X)) — O(L2X)

where 1o(ShvCat®" (X)) is the maximal co-subgroupoid of ShvCat®*(X), and the target O(£2X) is the
secondary Hochschild homology of X.

As explained in [HSS17] the secondary Chern character is the shadow of a much richer categorified
character theory encoded in a symmetric monoidal functor of co-categories

(1.2) Ch: ShvCat***(X) — Perf(£X).
We can recover the secondary Chern character by taking maximal co-subgroupoids in (1.2), and then applying
the ordinary Chern character

ch(®

1o (C c
1oShvCat™ (X) M Perf(£X) —> HH(LX) ~ O(L2X).
In this paper we carry forward the investigation of the categorified Chern character. Our main result is
a categorified Grothendieck—Riemann—Roch theorem for Ch.

1.2. The categorified GRR theorem. We actually work in a setting which differs slightly from (1.2).
Technical issues compel us to restrict to the affine context, where categorical sheaves are captured globally
through the action of a symmetric monoidal category. As we explain in Section 1.2.3 below, however,
affineness in the categorified setting is a much less severe restriction than in ordinary algebraic geometry.
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Our formalism applies to any presentable and stable symmetric monoidal co-category €. Let £C := S1®C
be the loop space of €. The loop space L€ ~ € ®ege € is in a precise sense the Hochschild homology of the
commutative algebra C. It is therefore the natural receptacle of Chern classes of dualizable C-modules. These
are presentable categories carrying an action of €, which are C-linearly dualizable. They form an oco-category
denoted by Mod‘éual. The categorified Chern character is a symmetric monoidal functor

(1.3) Ch: Mod@™ — ce.

In classical homological algebra, the Chern character factors through the fixed locus for the canonical
Sl-action on the Hochschild complex. This is a manifestation of general rotation invariance properties of
trace maps, which are themselves a special instance of the vast array of symmetries encoded in a TQFT,
see [TV15], [HSS17] and [BZN13a]. This feature persists at the categorified level, and we will consider the
Sl-equivariant refinement of the categorified Chern character

(1.4) Ch%": Modd™® — (£e)5".

1.2.1. The main theorem. The Grothendieck—Riemann-Roch (GRR) theorem encodes the compatibility be-
tween Chern character and pushforward. As explained in [Mar(09], the classical GRR theorem can be viewed
as the conflation of two distinct commutativity statements. It is the first of these two statements which is
especially relevant for the purposes of categorification. To clarify this, let us briefly review the setting of the
classical GRR theorem.

Let f: X — Y be a proper map between smooth and quasi-projective schemes over a field, and let
fu: Perf(X) — Perf(Y) be the pushforward. The first half of the GRR theorem consists of the claim that
the diagram

LoPerf(X) —2> O(LX) ~ HH(Perf(X))

(1.5) f*l if*

woPerf(Y) —2> O(LY) ~ HH(Perf(Y))

commutes. Next we can reformulate the commutativity of (1.5) in terms of differential forms via the HKR
isomorphism

HH(Perf(X)) = H*(X, ®i>0Q%), HH(Perf(Y)) = H*(Y, ®i>0Q% ).
The second half of the GRR theorem is about the interplay between the pushforward and the HKR equiv-
alence: they fail to commute, but this can be obviated by turning on a correction term given by the Todd
class.

Our main theorem is a categorification of the first half of the GRR theorem. We refer the reader to
Remark 1.7 for a discussion the second half of the GRR theorem in the categorified setting. Let f: D — C
be a rigid symmetric monoidal functor between presentable and stable symmetric monoidal categories. The
map f induces a functor between loop spaces £f: LD — L€ with right-adjoint £ f®. Rigidity implies that
there is a well-defined pushforward of dualizable modules

fo: Mod§"™® — Modi™!.
We are ready to state our main result.

Theorem A (The categorified GRR Theorem, Theorem 4.3). There is a commutative square of oo-categories

Sl
Modd! 2o (£e)s*
(1.6) f*l o
chs'

Moddal 2 (£ D)S”.

In Section 1.2.2 and 1.2.3 we reformulate Theorem A in the more specialized settings of non-commutative
motives and monoidal categories of geometric origin. Next, in Section 1.3 we explain some of its applications.
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1.2.2. GRR and motives. In addition to S'-invariance the Chern character inherits a second important
property of trace maps: it is additive, so it factors through K-theory. One categorical level up, Verdier
localizations of C-linear categories replace short exact sequences, and the category of moncommutative C-
motives takes up the role of K-theory. The category of C-motives was introduced in [HSS17], building on
the work of Cisinski-Tabuada and Blumberg—Gepner—-Tabuada [CT12, BGT13], see also [Rob15] for closely
related constructions. The theory applies in a more limited generality than Theorem A, as we require € to
be generated by its subcategory of compact objects C¥.

Let f: D — C be a rigid functor of compactly generated symmetric monoidal categories. There is a
well-defined pushforward functor between categories of localizing noncommutative motives

fe: Mot(C*) — Mot (D¥).

Then Theorem A specializes to the following statement, which closely parallels the classical K-theoretic
formulation of the GRR theorem.

Theorem B (Theorem 5.7). There is a commutative square of co-categories

Mot(€+) -2~ (£e)s"

f*l Jer

st
Mot(D¥) s (LD)S".

1.2.3. The geometric setting. Our results hold in the categorified affine setting: we consider modules over

symmetric monoidal categories rather than general categorical sheaves on stacks. Surprisingly, however, this

encompasses many examples of geometric interest. In fact the global sections functor

I': ShvCat™™ (X) — ModSén, x) -

although not an equivalence in general, is an equivalence for a large class of derived stacks called I-affine
stacks. Gaitsgory proves in [Gailb] that quasi-compact and quasi-separated schemes and semi-separated
Artin stacks of finite type (in characteristic zero) are all examples of 1-affine stacks. For 1l-affine stacks
Theorem C below captures the full geometric picture of the categorified GRR. theorem.

If X is a derived stack there is a natural S'-equivariant map £QCoh(X) — QCoh(£X), where £X is
the free loop stack of X. If f : X — Y is a map of derived stacks, we denote by f also the symmetric
monoidal pullback functor f : QCoh(Y) — QCoh(X). Following Gaitsgory, we introduce passable maps of
stacks. Passability is a relatively minor assumption, and is satisfied in most cases of geometric interest.

In Proposition 2.35 of the main text we show that pullback functors along passable morphisms are rigid.
This together with Theorem A immediately implies the following statement.

Theorem C. Let X i> Y be a passable morphism of derived stacks. Then there is a commutative diagram
of co-categories

1
Mod&El, 1) <> QUoh(£X)*"

| lgf*

1
Mod, ) 27> QCoh(£Y)S".

Remark 1.7. The statement which we called in Section 1.2.1 the second half of the GRR theorem can also be
categorified, but becomes essentially trivial. Let X be a semi-separated derived Artin stack in characteristic
zero. By [BZN12, Theorem 6.9] the HKR isomorphism lifts to an equivalence exp of formal stacks between

—

e the shifted tangent complex of X completed at the zero section, Tx[—1]
e and the loop stack of X completed at the constant loops, £LX.
The categorified HKR consists of the statement that exp induces an equivalence

(1.8) exp*: QCoh(£X) = QCoh(Tx[—1).
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As exp* is a pullback, it is compatible with pullbacks and pushforwards along maps of stacks: contrary to
the classical setting, incorporating the HKR equivalence (1.8) does not alter the commutativity of the GRR
diagram (1.6), which stays commutative on the nose.

1.3. Applications of the categorified GRR. Theorem A, B and C have several interesting consequences.
They provide powerful tools to establish comparison results for the ordinary and categorified Chern character.
Our applications fall into three main areas:

(1) The ordinary Chern character. Toén and Vezzosi give an alternative construction of the Chern
character, which is the one we use throughout the paper. Theorem A implies that it matches the
classical definition.

(2) The secondary Chern character. Theorem B implies a GRR statement for the secondary Chern
character. This yields a comparison between secondary Chern character and motivic character maps
that had already appeared in the literature.

(3) The de Rham realization. Theorem C implies that in the geometric setting Ch®" matches the de
Rham realization. This shows in particular that the Gauss—Manin connection is of non-commutative
origin.

1.3.1. The ordinary Chern character. The classical definition of the Chern character for k-linear categories
is due to McCarthy [McC94] and Keller [Kel99], and rests on the naturality of Hochschild homology. Let
A be a stable k-linear category. If x is an object of A, let ¢,: Perf(k) — A be the unique k-linear functor
mapping k£ to x. Then the Chern character is defined by the formula

(1.9) & € Ob(A) s HH(4,)(1) € HHy(A).

In [BZN13a] Ben—Zvi and Nadler revisit (1.9) from the vantage point of the functoriality properties of traces
in symmetric monoidal (0o, 2)-categories. Let Mody be the symmetric monoidal oo-category of k-modules,
and let C be a dualizable Modg-module. The Hochschild homology of € coincides with the trace of C as a
dualizable Modg-module

HH(C) ~ Tr(€) € Mody.
The trace is functorial and thus, under standard identifications, it yields a map of co-groupoids €4ua! — HH(C):

@dual ~ Homy,gauar (Mody;, €)
O(k

(1.10) lTr(—)
Hompoq,, (Tr(Mody), Tr(€)) ~ Homyoeq, (k, HH(C)) ~ HH(C).

Ben-Zvi and Nadler take (1.10) as the definition of the Chern character. Passing to sets of connected
components in (1.10) gives back (1.9).

Toén and Vezzosi give a different definition of the Chern character, which requires additionally that €
carries a symmetric monoidal structure. The objects of C, pulled back to the loop space via the map

€ — S'®C=Le induced by the inclusion pt — ST,

acquire a canonical auto-equivalence, called monodromy. Toén and Vezzosi define the Chern character as
the trace of the monodromy auto-equivalence, and this is the definition we use throughout the paper. The
reader can find in [TV09] an explanation of the beautiful geometric heuristics motivating Toén and Vezzosi’s
approach. Their construction yields a map of co-groupoids landing in the endomorphisms of the unit object
of LC

(1.11) ch:edwl - qce.

Theorem D (Theorem 5.1). Under the canonical identification QLC ~ HH(C), Toén and Vezzosi’s Chern
character (1.11) coincides with (1.10).
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1.3.2. The secondary Chern character. In the main text some of the results in this section will be formu-
lated more generally for compactly generated symmetric monoidal categories, but we will limit our present
exposition to the geometric setting.

Let X be a derived stack. The secondary K-theory of X is a kind of categorification of algebraic K-theory
introduced independently by Toén and Bondal-Larsen—Lunts [BLL04]. The group of connected components
of K(?)(X) is spanned by equivalence classes of objects in ShvCat®"'(X) under the relation

[B] = [A] + [C] if there is a Verdier localization A — B — C.

Secondary K-theory encodes subtle geometric and arithmetic information: if X is a smooth variety (in
characteristic 0), it is the recipient of highly non-trivial maps from the Grothendieck ring of varieties over
X and from the cohomological Brauer group

(1.12) Ko(Vary) = K(X), HZ(X,G,,) — K(X).
Also, by additivity, the secondary Chern character factors through secondary K-theory
ch®: K@ (X) = 0(£2X) x5,

Let f: X — Y be a map of derived stacks. Under appropriate assumptions on f, Theorem B implies a
GRR theorem for the secondary Chern character.

Theorem E (Theorem 5.9 and Example 2.36). Let f: X — Y be a morphism of perfect stacks which is
representable, proper, and fiber smooth. Then there is a commutative diagram of spectra

K®(X) ch® O(L2X)(5" %S

/| .

K®(y) ch®, O<L2y)(51><sl)'

Let now k be a field of characteristic 0. Unlike in (1.12), assume that X is a singular variety over k.
The Grothendieck ring of varieties over X maps to a variant of secondary K-theory, generated by saturated

k-linear categories proper over X, which is denoted by K](?>21\)/I,0 (X). The definition of the secondary Chern

character has to be recalibrated accordingly. It lifts to a morphism out of K]gzl\),[(X ) which takes values in
the G-theory of £X, instead of its K-theory (or Hochschild homology). As G-theory is insensitive to derived
thickenings, we obtain a map

chimy: K (X) — G(£X) =5 G(X).
In [BSY10], Brasselet, Schiirmann and Yokura introduced the motivic Chern class

mCy: Ko(Vary) — Go(X) ® Z[y]

with the purpose of unifying several different invariants of interest in singularity theory. The motivic Chern
class recovers MacPherson’s total Chern class of singular varieties [Mac74] and is closely related to the

Cappel-Shaneson homology L-class [CS91]. We show that chglg/[ matches the specialization of the motivic

Chern class at y = —1. This follows from an analogue of Theorem E for chgl\)/[.

Theorem F (Theorem 5.19). There is a commutative diagram of abelian groups

Ko(Vary) e Go(X) ® Zy]

(1.13) J{ iy}l
) ch
K2 o(X) —22 Gy (X).
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1.3.3. The de Rham realization. We keep the assumption that k is a field of characteristic 0.

The classical Riemann—Roch theorem states that the Euler characteristic of line bundles on curves can be
computed in terms of their degree and the genus of the curve. Delicate algebraic information is revealed to
depend only on the underlying topology. All subsequent extensions of the Riemann—Roch theorem can be
viewed as finer articulations of this principle, which persists in the categorified setting. It takes the shape of
a dictionary relating the categorified Chern character of categorical sheaves of geometric origin (an algebraic
invariant) and the classical de Rham realization (which is topological in nature).

Let X be a smooth k-scheme, and let Smx be the category of smooth X-schemes. The de Rham realization
is a functor

(1.14) dRx: SmY — Dx-mod

which sends a smooth map f: Y — X to the flat vector bundle over X encoding the fiberwise de Rham
cohomology of f equipped with the Gauss—Manin connection.

The map f: Y — X gives rise to a sheaf of co-categories over X: as X is 1-affine, this can be encoded as
the QCoh(X)-module structure on QCoh(Y). Letting f range over Smy, we obtain a functor

QCohy: SmY — Mod3l, ), QCohy (Y £ X) = QCoh(Y) © QCoh(X).

Comparing the de Rham realization and the categorified Chern character requires a finer understanding
of the sheaf theory of loop spaces. By a categorified form of the HKR equivalence [BZN12], quasi-coherent
sheaves on £LX are closely related to D x-modules. For our purposes the most relevant result in this direction
is an equivalence, obtained in [Prel5], between the Tate construction of IndCoh(£X) and the Z/2-folding
of the category of D-modules

(1.15) Ind(Coh(£X)%") @y k(1)) = Dx-modys.

Leveraging the equivalence (1.15) we can reformulate the categorified Chern character as a functor landing
in the 2-periodic category of D-modules

Ch'™: Modg&h, x) — Dx-modz/s.

Theorem C is the main ingredient in the proof of Theorem G below. In the statement of the theorem,
dRx stands for the 2-periodization of de Rham realization functor (1.14).

Theorem G (Theorem 6.16). For X a smooth k-scheme, there is a commutative diagram of co-categories

dRx

SmY D x-modzs.

QCohy l %’

MOddQuca(l)h(X)

In fact, we will prove a generalization of Theorem G for X an arbitrary derived k-scheme, replacing the
oo-category of D x-modules by that of crystals over X.
If Y — X is a smooth map, Theorem G yields an equivalence natural in Y

dRx (Y — X) ~ Ch'®(QCoh(Y)).

This implies in particular that, up to Z/2-folding, the Gauss—Manin connection on the cohomology of the
fibers of a smooth map f is of non-commutative origin. That is, it only depends on QCoh(Y) and its
QCoh(X)-linear structure.

Remark 1.16. Evaluating Ch® on a dualizable sheaf of categories over X equips its relative periodic cyclic
homology with a natural Gauss—Manin connection. In the more restricted setting of sheaves of algebras, such
a Gauss—Manin connection was introduced by Getzler in [Get93]. We believe that Ch?® recovers Getzler’s
prescription, and we plan to return to this question in a future work.
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Conventions. Throughout the paper, a connective E, ring spectrum k is fixed.
We use the following notation:

e If C is an (0o, n)-category and m < n, ¢,,,C denotes the underlying (oo, m)-category of €, obtained
by discarding non-invertible k-morphisms for k& > m.

e If Cis an (oo, 2)-category, hoC denotes the homotopy 2-category of C.

e If € is a symmetric monoidal (oo, 2)-category, 48! denotes the non-full subcategory of +;€ whose
objects are the 1-dualizable objects and whose morphisms are the right-adjointable morphisms. In
particular, if € is a symmetric monoidal (0o, 1)-category, then €44l is the oo-groupoid of dualizable
objects in C.

e PrSt is the symmetric monoidal co-category of stable presentable co-categories and colimit-preserving
functors.

e Priisthe symmetric monoidal (0o, 2)-category of stable presentable co-categories, so that ¢; PrSt o ppSt

e We denote by double arrows = possibly non-invertible 2-morphisms in diagrams. In the absence of
such a symbol, the diagram is assumed to commute up to an invertible 2-morphism.

2. PRELIMINARIES

2.1. Ambidexterity. Throughout the paper by an (0o, 2)-category € we will mean a complete 2-fold Segal
space. We refer to [JFS15, Section 6] for a definition of a symmetric monoidal (oo, 2)-category, so that hoC
becomes a symmetric monoidal 2-category.

Definition 2.1. Suppose &; and &; are (00, 2)-categories. An adjunction
F:86—=¢&:G

is an adjunction in the homotopy 2-category of (oo, 2)-categories. It is called ambidextrous if the unit
n:id — GF and the counit e: FG — id have right adjoints n®: GF — id and €*: id — FG.

Remark 2.2. We refer to [RV16] for a comparison of the above definition of adjunctions for (oo, 1)-categories
and that given by Lurie in [Lurl7b].

Remark 2.3. Tt is easy to see that the transformation e®:id — FG exhibits F as right adjoint to G. In
other words, G is both left and right adjoint to F', which explains the terminology. On the other hand, the
notion of ambidexterity itself comes in left and right variants, and the choice made in the above definition
is motivated by our main example (see Proposition 2.21).

Remark 2.4. Recall that if : id — GF exhibits G as right adjoint to F', then we can find a counit e: FG — id
and invertible modifications

F(TIM) ﬂc(wr) Glenm)

FOU) —2FGrO0) 2% F(v) G(M) =L GFGON) G(M)
Y Y
called triangulators, satisfying the swallowtail axioms:
FGFG(M) L2 o pG () FGFG(M) 200

F(ﬁc(y ﬂ \em) XM ncm %

il M
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NG F (M) NG F (M)

GF(M) —25 GFGF(M =  GFM) GFGF(M)
WV GF(qV \H/ &F(M) TIJV/ WF(M))
M—2 M—2L GF(M) =——= GF(M)

in the homotopy 2-categories ho€1 and hos. See, for example, [Gurl2, Remark 2.2].
Definition 2.5. Suppose €1, €5 are symmetric monoidal (oo, 2)-categories. A symmetric monoidal am-
bidextrous adjunction

F: 81 .:) 825 G
is an ambidextrous adjunction where F' is symmetric monoidal, satisfying the projection formula: for any
objects My € &1 and My € ;5 the composite

M; ® GMa 5 GF(M; @ GMy) =2 G(FM; @ FGMy) 225 G(FM; @ Ma)

is an equivalence.

Remark 2.6. The projection formula isomorphism M; ® GMy — G(FM; ® My) satisfies various compati-
bilities with the natural transformations 7, e. These will be implicit in the diagrams we draw.

Since G is right adjoint to F, it has a natural lax monoidal structure and since it is also left adjoint to F',
it has a natural oplax monoidal structure. Let us now work out compatibilities between the two.
The lax monoidal structure on G is given by the composite

GM; ® GMa = G(FGM; @ Ms) <29 GV, @ M»)

that we denote by a. Similarly, the oplax monoidal structure on G is given by the composite

GOV © M) B9 G(FGM, @ Ma) & M, © GMs

that we denote by of.
The lax compatibility with the units is expressed by the morphisms

R
le, & GF(le,) = G(le,),  G(le,) = GF(le,) = e,
For a triple of objects My, My, M3 € €5 we have a 2-isomorphism

GOV, © M) @ GOV 298G FGOM) @ My) @ GOMs) ——> GOV ® G(Ma) © G(Ms)

ia L

e Ridei
GOy © Mz ® Ms) 225 G(FG(My) @ Mz © Ms) G(M) ® G(M2 ® Ms)

which gives rise to a modification
(2.7) (id®a)o (a®@id) = al o a.
For a pair of objects My, My € €5 we have a 2-isomorphism

idee®

G(Ml) QR My —— FGM; @ FGM, —= FG(FGMl ® Mg)
e
le@ld R ie@ld
R
M1 ® Mo < FG(Ml ®M2)

which gives rise to a modification

(2.8) ao(id® ) = efo(e®id).
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Similarly, we have a 2-isomorphism

FG(My @ M) ——= My @ My

\LeRt@id

FG(FGMl X MQ) " @id

FGM, @ FGM, 225 FGM, @ My

which gives rise to a modification
(2.9) (id®e)oal = (R ®id)oe.

Lemma 2.10. The modifications (2.8) and (2.9) intertwine units and counits, i.e. we have equalities of
2-morphisms

(1)

[SeYe%

FGMy @ FGMy =29 > My @ FGMy —2< =My @My = FGM; ® FGMy -2 M; @ M,
= e | =
FGM1®FGM27FGM1®FGM2L>FG(M1 ®M2) FGM; @ FGM,q L>FG(M1 ®M2)
(2)
FG(M1®M2)%M1®M27M1®M2 == FG(M1®M2);>M1®M2
| |rom = =

FGM; @ FGMs 2 FGM, @ My <2 UM, oMy FGMy @ FGMy %> My @ M,

\—/

m h282.
Proposition 2.11. Let &1, &5 be symmetric monoidal (00, 2)-categories and F: & = E5: G a symmetric
monoidal ambidextrous adjunction. Then G: €5 — &1 preserves dualizable objects. Moreover, given a
dualizable object M € & with the dual MY, the dual of G(M) is given by G(MY) with the evaluation map
given by
R
GM) @ GMY) 5 GM@MY) <5 G(le,) 1 Le,

and the coevaluation map given by

le, B G(1e,) <% (Mo MY) 25 GON) @ GOWY).
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Proof. We construct triangulators using the diagrams
G(M)
n®id
G(le,) ® GIM) - G(M)

coev®id lcoe\N
id®ev
_—

GMaMY)®GM) —= G(M oMY @ M) G (M)

e l l\

GOM) ® GIMY) ® G(M) “22% ¢V @ GOVMY @ M) 22 (M) ® G(1e,) ek GO0

and

id®n id®coev id@al
—_— —

GMY)® G(1¢,) GMY)® G(M @ MY) GMY) ® G(M) @ G(MY)

\ l“ I

1d®coev MV ® M ® MV) e G(MV QM) ® G(MV)

\ ev®id ev®id
R

G(WY)

= G(le,) ® G(MY)
\ TR @id
G(MY)
using (2.7). Here the corner 2-isomorphisms are constructed as
G(M) GMY) @ G(1e,)
Ami/@dl \ y lN
G(le,) ® GM) —"> G(FG(le,) © M) —= G(M) GMY) —— GFG(MY)
G(MY)

O

If € is a symmetric monoidal (oo, 2)-category, we denote by €444l C ;€ the non-full subcategory whose
objects are the 1-dualizable objects and whose morphisms are the right-adjointable morphisms.

Proposition 2.12. If F': & &= E5: G is a symmelric monoidal ambidextrous adjunction, it restricts to an

adjunction
F:efml = egul: G

Proof. Since F and G are (0o, 2)-functors, they preserve right-adjointable morphisms. The functor F' pre-
serves dualizable objects since it is symmetric monoidal, and the functor G preserves dualizable objects by
Proposition 2.11.

It remains to check that n: id — GF and €: FG — id are right-adjointable on dualizable objects, but this
holds by the assumption of ambidexterity. |

b2

In the future we will also need a certain “coherent” version of duality.



12 MARC HOYOIS, PAVEL SAFRONOV, SARAH SCHEROTZKE, AND NICOLO SIBILLA

Definition 2.13. Suppose € is a symmetric monoidal co-category. A coherent dual pair is given by the
following data:

e Objects M, MY € &.

e l-morphisms coev: 1 = M @MY and ev: MY @ M — 1.

e Invertible 2-morphisms

Mcoev@ldM ® Mv ® M id®ev M led@coevjv[v ® M ® MV ev®id MV
Y, W,
id id

These are required to satisfy the swallowtail axioms:

% \ CV y{ev

M@ MY Mo MY MM =—=—=M M

MMY @M MY

< |

id®ev®id

M MY
[ ]
MY @M MomM MeM=MeM

Wy

MMMV @M

< %

id®coev®id
Mo MY

which are understood as equalities in the homotopy 2-category ho€.

By [Pst14, Theorem 2.14], every dualizable object is part of a coherent dual pair.

2.2. Rigidity. In this section we define the notion of a rigid symmetric monoidal functor, generalizing the
discussion of [Gailb, Section DJ.
Let Mod, = Mody(Sp) € PrSt be the oo-category of k-modules. The co-category

Prit = Modpoq, (Pr’)

has an induced symmetric monoidal structure. Let us also introduce the symmetric monoidal (oo, 2)-category
Pr}' = Modyoq,, (Pr®Y).

Definition 2.14. A k-linear symmetric monoidal co-category is a commutative algebra object in Prt.

Let € be a k-linear symmetric monoidal oo-category. Then € is an object in

CAlg(Prit) = CAlg(1;Pry").
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We denote by Mode = Mode(Prft) be its oo-category of modules. As explained in [HSS17, Section 4.4] there
exists a functor

CAlg(,;Pr}") — Cat®

Oe2) €~ Mode(Pry)

sending € to the monoidal (oo, 2)-category of C-modules in Pr%t. Further, as shown in [HSS17, Section 4.4],
this construction has the property that

11Mode(Prit) ~ Mode.
Thus Mode (Pr') gives a natural (oo, 2)-categorical enhancement of Mode.
Given a symmetric monoidal functor f: D — € we get an induced adjunction
f*: Modp (Pryt) == Mode (Pr("): f, ,

where the functor f* sends a D-module category M to € ®p M and f, is the forgetful functor. The counit
of the adjunction

evi: [ffiMECRp M —M
is given by the action map and the unit

i N — o NEN®@p C

is given by n +— n X le.
Let
A:C®pC—C

be the tensor product functor. It can naturally be enhanced to a morphism in Modeg,,e. Since the underlying
functor preserves colimits, it has a possibly discontinuous right adjoint. Moreover, the right adjoint a priori
is only lax compatible with the action of € ® C.

Definition 2.15. Let f: D — € be a symmetric monoidal functor of k-linear symmetric monoidal oo-
categories. We call f rigid if

(1) the morphism A: € ®p € — € in Modeg,,e(Pr}’) is right adjointable.

(2) f: D — € in Modp (Pr') is right adjointable.

Definition 2.16. We say a k-linear symmetric monoidal co-category € is rigid if the unit functor Mody, — €
is rigid in the above sense.

Given a rigid symmetric monoidal functor f: D — € we denote the corresponding right adjoints by
fR.e— 0, AR @ — C®qp C.
Proposition 2.17. The functors
ev:Cape e D
and
coev: DLGA—P;G@DG
ezhibit a self-duality € ~ €V in Modp.
Proof. We have to check that the composite

MO eg, e

. R
MO2 7, C@p Comp C
A®id e@@@

Rei

fr®id e
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is naturally isomorphic to the identity. Indeed, by the first axiom of rigidity we know that AR lies in
Modeg,e. Using the canonical algebra map € — € ®qp € given by z — X 1, we see that AR also lies in
Mode. Hence we have a commutative diagram of oco-categories

i R
€®DG$>G®:DG®DG

| Jacu

e C®pC

and the claim follows since the composite

e eape e
is naturally isomorphic to the identity. O

Given an object = € C, the functor D — € given by d — f(d) ® = preserves colimits, so it admits a right
adjoint Hom(z, —): € — D, which is a lax D-module functor.

Proposition 2.18. Let D — € be a rigid symmetric monoidal functor. An object x € C is dualizable iff
Hom(z, —) preserves colimits and is D-linear.

Proof. Suppose x € C is dualizable. Then we have a sequence of equivalences
Mape (f(d) ® 2,y) ~ Mape(f(d), 2" @ y)
~ Mapy (d, fH(z" @ y))

and hence Hom(7, y) ~ f®(2V ®y). Therefore, Hom(x, —) preserves colimits since f® does, and it is D-linear
= R g
since f™ is.
Conversely, suppose Hom(x, —) preserves colimits and is D-linear. Consider the functor
Hom,(z,—): C®@p C— €

obtained from Hom(xz, —) by extending scalars from D to C.
We define the duality data as follows. Let

2" = Hom,(z, AR(1)).

By construction we have an evaluation morphism ¥ Xz — AR(1).
We define the coevaluation to be the composite

1 — Hom,(z,1 X z)
— Homy (z, A" ())
& Homy(z, z @1 AR(1))
~ x ® Hom,(z, AR(1))
=r®x’

Here we use the unit 1 Xz — AR o A(1 X z) ~ AR(z) in the second line, the first axiom of rigidity in the
third line, and the C-linearity of Hom,(z,—) in the fourth line.
The evaluation is defined to be the composite

v @r=A(z'Xur)
— Ao AR(1)
— 1

The duality axioms follow from the naturality of the unit and counit morphisms. |

Corollary 2.19. Let C be a rigid symmetric monoidal co-category. Then compact objects coincide with
dualizable objects in C.

Conversely, one has the following statement.
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Proposition 2.20. Suppose C is a compactly generated k-linear symmetric monoidal co-category. Then it
1s rigid iff the following conditions are satisfied:

e The unit object 1¢ is compact.

e Fvery compact object admits a dual.

Let us state several important properties of rigid symmetric monoidal functors which we will need.
Proposition 2.21. Suppose f: D — C is rigid. Then the adjunction
f*: Modp (Pry') =—= Mode(Pry): f.
s a symmetric monoidal ambidextrous adjunction.

Proof. Recall that the first axiom of rigidity states that A: € ®p € — € has a right adjoint AR in
Modeg, e(Pryt). In particular, it has a right adjoint in Mode(Pr}'), where € — € ®p € is given by
cr 1®c. We can identify € = A ®¢ id(_), therefore it has a right adjoint given by AR @0 id(_y which is
obviously a strict natural transformation.

Similarly, the second axiom of rigidity states that f: D — € has a right adjoint f® in Modp (Prit). But
we can identify 7 = f ®p id(_) and hence it has a right adjoint given by R ooy id_).

Finally, given M; € Modp and My € Mode the composite
My @p LMo 5 fuf* My @2 f:Ma) = fo(f*My ®e f* [ M) e, J(f" M1 ®e My)

is an equivalence iff it is so in PrPt. But its image in Pryt is

Mi ® My 29555 €@ My © Mz 2 My @ (€ ® Ma) 225 My © My
which is equivalent to the identity by the unit axiom. |

Let us now show that rigid functors are stable under compositions and pushouts.
Proposition 2.22. Suppose &€ — D and D — € are rigid. Then the composition & — D — € is rigid.

Proof. Since D — € is right-adjointable as a D-module, it is also right-adjointable as an €-module. Therefore,
the composite & — D — C is right-adjointable in Modg (Pr").
The tensor product C ®¢ € — € can be written as a composite

CReC—C®pC—C.
The first functor can be identified with
C®e C— D®pg.» (CRe C).

Since D ®¢ D — D is right-adjointable as an D ®¢ D-module, we therefore see that C ®¢ € — C ®p C is
right-adjointable as a € ®¢ C-module.
The second functor CRp € — € is right-adjointable as a C®p C-module and hence as a C®e C-module. [

Proposition 2.23. Suppose f: D — € is rigid and D — & is an arbitrary symmetric monoidal functor.
Then
E—E®pC

18 Tigid.
Proof. The morphism D — C is right-adjointable in Modp. The functor
&€ ®p (—): Modp — Modg

sends it to € — € ®p € which is therefore also right-adjointable.
Let P = € ®p C. We can identify

PRePEERege (PRP) X ERD D Rpgp (CRC).
Therefore, we can upgrade & ®p (—) to a functor

MOd@@,D e — N[Odj)@S P.
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It sends the tensor functor € ®p € — € to the tensor functor P ®¢ P — P which is therefore right-
adjointable. O

2.3. Loop spaces. Since the oo-category CAlg(Pr3t) has all small colimits, it is naturally tensored over
spaces.

Definition 2.24. Let C be a k-linear symmetric monoidal co-category. Its loop space is defined to be the
k-linear symmetric monoidal co-category

LC=S5'®C=CRege C.
Remark 2.25. We can identify £C as a C-module with A§Ae ,C.
The inclusion of the basepoint pt — S* gives rise to a symmetric monoidal functor
pe: € — LC.

Given a functor of symmetric monoidal co-categories f: D — €, we get an induced symmetric monoidal
functor

Lf: LD — LC.
Note that we can identify it with the composite
(226) LD — LD ®p C=CRege (C (2T} 6) — C®ege €= LC.

We will also denote by
p: LD ®p € — LC

the functor induced by £ f and pe.

Proposition 2.27. Let f: D — C be a symmetric monoidal functor.
(1) If f: D — Cisrigid, Lf: LD — LC is right-adjointable in ModLD(PrEt)
(2) If f: D= C and A: C®p C — C are rigid, so is Lf: LD — LC.

Proof. Suppose D — € is rigid. Therefore, LD — LD ®q C is rigid by Proposition 2.23. Similarly, since
€ ®p € — C is right-adjointable in Modeg,, ¢ (Pr}t),

LD @p €C=C®ege (CRD €) = CRege C

is right-adjointable in Mod zpe., ¢ (Pr}"). Therefore, the composite (2.26) is right-adjointable in Mod ¢ 5 (Pr3").
Now suppose in addition € ®p € — € is rigid. Then CRege (CRp C) — CRege € is rigid by Proposition
2.23. Therefore, by Proposition 2.22 the functor LD — L€ is rigid as well. g

Let A:id — (£f)«(£f)* be the unit of the adjunction (Lf)*: Modzp == Modge: (Lf)«

Proposition 2.28. Suppose f: D — C is a rigid symmetric monoidal functor. Then A\ admits a right
adjoint \® which is a strict natural transformation.

Proof. Note that A = Lf ®¢p id_y. Since f is rigid, £f is right-adjointable as an £D-module func-
tor, by Proposition 2.27. Therefore, the transformation A has a strictly natural right adjoint given by
AR =~ (Lf)R @gp id_y. 0
2.4. Smooth and proper modules. In this section we introduce further finiteness conditions on functors
and modules relevant to the uncategorified GRR theorem. The notions of smooth, proper and saturated
category go back to works of Bondal, Kapranov and others in the setting of classical triangulated categories,
see for instance [BK90]. We reefer the reader to [Lurl7a, Section 4.6.4] for a discussion of closely related
concepts in the oco-categorical setting.

Definition 2.29. Let f: D — € be a k-linear symmetric monoidal functor. We say that f is:
(1) proper if f: D — € is rigid and f® admits a right adjoint in Mode(Prgt)‘
(2) smooth if A: € ®p € — € is rigid and AR admits a right adjoint in Modeg., ¢ (Pr}").

Definition 2.30. Let C be a k-linear symmetric monoidal co-category. We say that a dualizable C-module
M € Mod ™ is
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(1) proper if the evaluation map evy; admits a right adjoint in Mode(Prit);
(2) smooth if the coevaluation map coevy; admits a right adjoint in Mode(PrEt);
(3) saturated if M is smooth and proper.

Lemma 2.31. Let M be a C-module. Then M is saturated if and only if it is fully dualizable in the symmetric
monoidal (0o, 2)-category Mode (Pr?t).

Proof. Indeed, by [Pst14, Theorem 3.9], M is fully dualizable if and only if it is dualizable with right-
adjointable evaluation and coevaluation maps. O

Lemma 2.32. Let f: D — C be a rigid morphism of k-linear symmetric monoidal co-categories.

(1) If f is proper, then f.: Mode — Modyp preserves proper co-categories.
(2) If f is smooth, then f.: Mode — Modyp preserves smooth co-categories.
(3) If f is smooth and proper, then f.: Mode — Modyp preserves saturated co-categories.

Proof. This follows immediately from the definitions and Proposition 2.11. O

Lemma 2.33. Suppose f: D — C is a symmetric monoidal functor which is smooth and proper. Then
Lf: LD — LC is proper.

Proof. Since D — € and € ®p € — € are rigid, £ f is rigid by Proposition 2.27.
Decompose £ f using (2.26) as

LD—>L®®9626®G®@(G®DG)—>6®@®ee.

Since D — € is twice right adjointable in ModD(Prgt) by properness of f, LD — LD ®qp € is twice right
adjointable in Mod g (Pr").
Similarly, since € ®p € — € is twice right adjointable in Modeg., ¢(Pr}') by smoothness of f,

C Rege (e XD e) — C Rege C

is also twice right adjointable in Modzpe., ¢ (Pryt). O

2.5. Geometric setting. Recall that a derived prestack is a functor from the oo-category of connective E,
algebras over k to the oco-category of spaces. Our main source of rigid symmetric monoidal functors is given
by considering passable morphisms of derived prestacks.

If f: X — Y is a morphism of prestacks, then the pullback f*: QCoh(Y) — QCoh(X) is a symmetric
monoidal functor.

Definition 2.34. A morphism of prestacks f: X — Y is passable if the following conditions are satisfied:
(1) The diagonal X — X xy X is quasi-affine.
(2) The pullback f*: QCoh(Y) — QCoh(X) admits a right adjoint f.: QCoh(X) — QCoh(Y) in
Modqcon(y) (Pry!).
(3) The oo-category QCoh(X) is dualizable as a QCoh(Y')-module.

Proposition 2.35. Suppose f: X — Y is a passable morphism of prestacks and Y has a quasi-affine
diagonal. Then the pullback functor f*: QCoh(Y) — QCoh(X) is a rigid symmetric monoidal functor.

Proof. The proof is similar to the proof of [Gail5, Proposition 5.1.7].

First of all, the second axiom of passability for f: X — Y is exactly the second axiom of rigidity for
f*: QCoh(Y) — QCoh(X).

Since QCoh(X) is dualizable as a QCoh(Y")-module category, the functor QCoh(X)®qcon(y) (—) preserves
limits. Therefore, the functor

QCoh(X) ®qcon(y) QCR(X) = ( Jim QCoh(S)) ©qcon(y) QCoh(X)
— lim (QCoh(S) ®qcon(y) QCoh(X))
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is an equivalence where the limit is over affine derived schemes S with a morphism to X. Since the diagonal
of Y is quasi-affine, the morphism S — X — Y is quasi-affine as well. But then by [Gail5, Proposition
B.1.3], the functor QCoh(S) ®qcon(y) QCoh(X) — QCoh(S xy X) is an equivalence. Since

QCOh(X Xy X) ~ lim QCOh(S Xy X),
S—X

this proves that the natural functor QCoh(X) ®qcon(y) QCoh(X) — QCoh(X xy X) is an equivalence.
Since the diagonal X — X xy X is quasi-compact and representable, the functor

A, : QCoh(X) — QCoh(X) ®qcon(y) QCoh(X) ~ QCoh(X xy X)

is continuous and satisfies the projection formula. This immediately implies the first axiom of rigidity of

#*: QCoh(Y) = QCoh(X). O

Ezample 2.36. Let f: X — Y be a morphism between weakly perfect stacks, in the sense of [Lur18, Definition
9.4.3.3].

(1) If f is representable by quasi-compact quasi-separated spectral algebraic spaces, then f is passable.
Condition (2) follows from [Lurl8, Corollary 6.3.4.3], and condition (3) follows from [Lurl8, Corollary
9.4.3.6]. In particular, f* is rigid.

(2) If f is representable, proper, of finite Tor-amplitude, and locally almost of finite presentation, then
f* is proper. This follows from (1) and [Lurl8, Proposition 6.4.2.1 and Corollary 6.4.2.7].

(3) If f is representable, proper, and fiber smooth, then f* is smooth and proper. This follows from (2)
as both f and its diagonal have finite Tor-amplitude [Lurl8, Lemma 11.3.5.2].

Example 2.37. Let us mention an example of a stack that is not passable. Let k be a field of positive
characteristic, and let G, be the additive group over Spec(k). Then the classifying stack X = BG, is
not passable. Indeed one of the necessary conditions for being passable is that the structure sheaf Oy is
compact. However by [HNR19, Proposition 3.1] the only compact object in the derived category of quasi-
coherent sheaves on X is 0.

3. THE CHERN CHARACTER

3.1. Traces. In this section we recall the definition of the trace functor given in Section 2.2 of [HSS17] and
state some of its properties.

Let € be a symmetric monoidal (oo, n)-category. In [HSS17, Section 2.3] we define a symmetric monoidal
(0o,m — 1)-category Aut(C), which carries a canonical S!-action. The objects and 1-morphisms of Aut(€)
can be described as follows:

(1) An object of Aut(C) is a pair (A, a), where A is a dualizable object of €, and a is an automorphism
of A.
(2) A l-morphism (4, a) — (B,b) in Aut(C) is a commutative diagram

ALB

|7 ]
A T> B
where ¢ : A — B is right-dualizable, and « is an invertible 2-cell.
Ezample 3.1. Let C be a k-linear symmetric monoidal oo-category. Then
(1) Aut(C) = Fun(S?, cdual),
(2) Aut(Mode) = Fun(S?, Modd"h).
The S'-action on Aut(€) and Aut(Mode) is induced by the action of S* on itself.
We also define a trace functor

Tr: Aut(€) — QC
which is symmetric monoidal and natural in € [HSS17, Definitions 2.9 and 2.11].
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Proposition 3.2 ([HSS17] Lemma 2.4). Let C be a symmetric monoidal (0o, n)-category. Then:
(1) The functor Tr sends an object (A, a) in Aut(C) to the composite

le coev 4 A®Av a®id A®AV eva le
(2) The functor Tr sends a 1-morphism in Aut(C)
(¢7 a) : (Ava) — (Bab)
to the 2-cell in QC given by the composite

A®AV a® id

(3.3) le///;; Y PP %;\\ﬁle
\

///

B®Bv b® id B®Bv

A AY

where the triangular 2-cells on the left and on the right are given by
(¢ ® ¢™V)coeva = (¢p® @ id)coevp 5 coevp, and eva - eva(pRp @id) = evp(p @ o1Y).
Proposition 3.4 ([HSS17] Theorem 2.14). The symmetric monoidal trace functor
Tr: Aut(€) — QC
is St-invariant with respect to the canonical S*-action on Aut(C) and the trivial S*-action on QC.

Proposition 3.5. Let C be a symmetric monoidal (00, n)-category. The composite

Aut(Q0) = QAut(€) 25 02

is equivalent to the trace functor Tr: Aut(Q€) — Q(QC) as an S'-equivariant symmetric monoidal functor.

Proof. Consider the diagram

Ln,gFun%)plax(Frrig(Sl), 0e) —~— QLn,lFun(éplax(Frrig(Sl), C)

| |-

Fund? ™ (QFr(51), Q2€) — > Qu,,_ Fun™ (QFr"8(S1), QC)

| |

0%e 02%e,

where the lower vertical maps are evaluation at the trace Tr(u) € QFr"8(S1) of the universal automorphism

u. By construction, the vertical composites are the respective trace functors, whose S!-equivariance is

induced by an S'-invariant refinement of Tr(u) (see the proof of [HSS17, Theorem 2.14]). This is therefore

a commutative diagram of S'-equivariant symmetric monoidal functors, which proves the claim. (|

3.2. Chern character. Let C be a k-linear symmetric monoidal co-category. The identity functor
Stee~Le—Le

induces by adjunction a symmetric monoidal functor € — Fun(S*, £€) and a functor S — Fun®(€, LE).
Choosing once and for all a basepoint p: pt — S!, the latter is equivalent to the following data:

e a symmetric monoidal functor pe: € — L£C, which is induced by the inclusion of the basepoint;
e a natural equivalence of symmetric monoidal functors mon: pe — pe.

Definition 3.6. We call mon the monodromy automorphism.
Definition 3.7. The Chern character of C is the composite
ch: @Mal s Fun(St, (£€)Ma) ~ Aut(LC) 5 QLE.
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By Proposition 3.4, ch is S'-equivariant and hence factors through the fixed points of the S'-action on
QLC:

ch: el (Qre)s’.
We will now relate the monodromy automorphism to certain coCartesian diagrams. Let p: pt — S! be
the basepoint. We have Aut(p) = Z. Consider morphisms of spaces

(3.8) pt[[pt —— T
}t — 5L

The two composites pt [[pt — pt — S* are equal, so the space of two-cells completing this diagram to a
square is given by Aut(p) x Aut(p) = Z x Z. For every pair of integers (n,m), we thus obtain a commutative
square of the form above. Given € € CAlg(Pr3'), the above square of spaces gives rise to a square

eope-L ¢

in CAlg(Pr3t).
Proposition 3.9. Let C € CAlg(fPrgt) be a k-linear symmetric monoidal co-category. The (1,0) square

cwe-2—-e
sk
e—2-ze
is coCartesian.

Proof. Tt is enough to prove the claim in the oco-category § of spaces.
We have a homotopy pushout diagram of groupoids

[ ] o ————

[ ]
o
which is a coCartesian square in S.

We can complete it to a diagram
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where the isomorphism at the bottom sends the morphism a to the nontrivial automorphism of the point
and the morphism b to the identity. The total diagram is exactly a diagram (3.8) of type (1,0) which proves
the claim. O

Remark 3.10. Note that whiskering the (1,0) square

eope-L ¢

b,k

C——L¢C

along € — C ® C given by x — x X 1 we obtain the monodromy automorphism of pe: € — L£€. Whiskering
the same (1,0) square along = — 1 X a we obtain the identity.

Remark 3.11. One may similarly show that the (£1,0) and (0,£1) squares are coCartesian. However, the
(0,0) square is not coCartesian.

3.3. Categorified Chern character. Let C be a k-linear symmetric monoidal co-category, and let
(3.12)
pe
e mon - sC
~_

Pe

be the monodromy automorphism. Applying the functor Mod(—) to (3.12) gives a natural equivalence
(3.13)

*

Pe
— T
Mode \U/Mon MOdL e
~

pe
Definition 3.14. We call Mon the categorified monodromy automorphism.
Remark 3.15. Tt follows from Remark 3.10 that the categorified monodromy automorphism can also be

obtained by whiskering the (1,0) square

Modege —2—> Mode
(3.16) i N lp*
Mode L> Mod e
along 77 : Mode — Modege. In particular, evaluating (3.16) on MXN € Modege induces the automorphism
Mony ®id : p"M ®ze p*N = p M @ce p*N.

Restricting to dualizable objects we get an equivalence

Pe

— T
Mo dcéual \U,Mon Mod%‘?l
- >

*

Pe
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and this determines a map
BZ ~ §' — Fun® (Mod 2" Mod ¢&™).

By adjunction we obtain a symmetric monoidal functor
Mod @™ — Fun(S*, Mod3&").
Definition 3.17. The categorified Chern character is the composite

Ch : Mod®"® — Fun(S", Mod %) = Aut(Modd%) I ce.

By Proposition 3.4, Ch is S'-equivariant and hence factors through the fixed points of the S!-action on
LG, i.e., the co-category of S'-equivariant objects of £E€:

Ch : Mod®™ — (£e)S'
3.4. Decategorifying the Chern character. Note that the categorified Chern character being symmetric
monoidal induces a map of spaces
Ch: OModd™ — Q(£€)5" ~ (Qse)s".
We will show that this map coincides with the uncategorified Chern character.

Lemma 3.18. The composite

CAlg(Pri') X% CAlg(Cat (oo 2)) — CAlg(Cat(no 1))

18 equivalent to the forgetful functor.
Proof. We have OMode ~ Funpeq, (€, €) ~ C. O

Theorem 3.19. Let € be a k-linear symmetric monoidal oco-category. The composite

edual = OModd™™ s Qe
is equivalent to the Chern character
ch: et — Qe
as St-equivariant E., maps.
Proof. The composite
St Fun® (G, Le) Mod, Fyn® (Mode, Mode) 2, Fun®(C, £LC)
is equivalent by Lemma 3.18 to mon: S* — Fun®(€, £€). Therefore, by adjunction we get a commutative
diagram

C—F = OMode

lmon lMon

Fun(S!, £€) —= QFun(S*, Modze)

of S'-equivariant symmetric monoidal co-categories.
Consider the diagram

edwal __~ QMOd%ual

lmon ‘LMon

Fun(S?, (£€)2!) — > QFun(S", Mod2us")

\LTr J/Tr
QLC QLe
of S'-equivariant E., spaces. The bottom square commutes by Proposition 3.5. The vertical composite on

the left coincides with the Chern character ch: C"® — QL@ and the claim follows from the commutativity
of the diagram. O
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4. THE CATEGORIFIED GROTHENDIECK—RIEMANN—ROCH THEOREM

4.1. Statement. We have an obvious functoriality of the Chern character with respect to symmetric monoidal
functors.

Proposition 4.1. Let f: D — C be a symmetric monoidal functor. Then there is a commutative diagram
of co-categories

(4.2) Modd™ — s (£e)s’!
4
Mod@a! <ty (£ D)s'!

If f is moreover rigid, by Propositions 2.12 and 2.27 we can pass to right adjoints of the vertical functors
in (4.2); the resulting diagram a priori only commutes up to a natural transformation.

Theorem 4.3. Let f: D — C be a rigid symmetric monoidal functor. Then passing to right adjoints of the
vertical functors in (4.2) we obtain a diagram

(4.4) Modd'! — 25 (£e)s!
if* et i(ﬁf)R
Mod§! —> (£D)s"
which commutes up to an invertible 2-morphism.

The rest of the section is devoted to the proof of this theorem. Let M be a dualizable C-module category.
Without loss of generality (see [Pst14, Theorem 2.14]) we may assume that the duality data for M is coherent
in the sense of Definition 2.13.

The natural transformation in (4.4) is obtained as the composite

Ch(f M) — (L) (Lf)Ch(£M) = (Lf)FCh(f* f.M) — (£f)FCh(N).
In turn, this is obtained as the composite 2-morphism in the diagram

A

(4.5) LD (Lf).LC (LF).LC
coevy, m coev g+ £, / coev
* A * * * 6®(6R)v *
P (M @ M) —== (L f)upe(f* M@ f* L MY) —— (L f)ape (M@ MY)
Mony, n®id Mon g £, 3 ®id Mony ®id
£®(6R)v

P (LM @ fMY) —2 (L F)upl(f* LM @ f* LMY =5 (L f)ply (M @ MY)

evy,.m er*f*M / ev

i) A (Lf).LC (Lf).LC
/7 AR AR
LD LD LD

in ModL@(Prit), where the columns are given by individual Chern characters. We are going to prove that
the composite 2-morphism in (4.5) is a 2-isomorphism. All equalities of 2-morphisms in this section are to
be understood in the homotopy 2-category.
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As a first step, we are going to analyze the subdiagrams in (4.5) containing (¢?)Y. We have a 2-
isomorphism (e%[)v 2 eyv constructed via the following diagram:

(4.6) f*fonv < MY

lid@coev id®coevl

FEMY @ MeMY <2999 v o M @ MY — MY
\Lid@eR ieRQ@id R ®id

PN @ f LM @MY S (0 @ M) @ MY S e e MY =
n @i

where the bottom-left square has the 2-isomorphism given by (2.8).

4.2. Analyzing the (co)evaluation. We will first apply the isomorphism (€)Y 2 exrv to the top part of
diagram (4.5).

Lemma 4.7. Under the identification (eX;)V = exv given by (4.6) the diagram

¢ C

lCOCVW[

CoeV fx £, M®G j\/[\/

lé‘@id
id@(e?)V

[ M @e f* MY —————— f* L M @e MY

becomes equal to

¢ ¢

n

[ f€ - ¢
FfeM®e MY) < M ®@e MY
ol lé‘@id

FEM@e f LMY —22 o o r M@e MY

in hoMode (Pr"), where the bottom rectangle is given by (2.9).

Proof. The original diagram can be expanded to

e MM — ¥4 e Memy
n n@ideid nideid
Ffe e e eaMeny T ppen pieMY 2% T e MY
coev l(:ocv@idﬁ(\ld coev®id®id coev@id®@id
FAO@MY) 9% fer (@ MY) @ M @ MVEE Dk o M) @ fAM e MY —Z o e e MY @ M) @ MY 9SS et e MY
alt lu“md&m o @ideid o ®id lu“@id
FEM® F LMY 2% e f M LMY Mo MPEIOH e a e pr @ 7 £ e MU 1 f 0 1 £ (0 @) & MY SY2 9 £ o £ 7,0 @ M2 v e ar
id®e
PR MY BB e MY @ M MY — B e M MY

e
Using the fact that the 2-isomorphisms (2.8) and (2.9) are modifications, we get
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coev v ®id . v
e MaM FEMeM
ln ln&dd@id n@id@id
frfe S e MM — 2T e MeMY —2E i Mo MY
o e Fid l i
LM @MY) 2920 pep (M MY) @ M e MY Ma MY PR eMY @M) @MY VO pp e v
o lun@u@id <gidgid l(:()(:Vde@id eid l(,n oid Ao
. Y oo Y v v . N R Jdevaid,, b oo i, v
FEM LMY 2 f M@ f* LMY @ MeM MaM @MeM FEM® LMY @ M) @ MV EY Y p M@ .0 0 MV ZEEF .M e M
€ RidRid®id
id®@e
FEM MY AEEEN e Mo MY @ Me MY HEEL L e e MY

K//

Using the fact that the triangulator 7 is a modification of natural transformations en = id, we obtain

C— = -~ MeMVY

ln ln@id@id

frfe OO preoMeMY FEMaMY
- e®id®id F@id oo
LM @ MY) 2120 e p (M @ MY) @ M @ MY M@ MY MM @M) @MY 12V pep N oMY
[ EMeMY) —— f*fi(MoMY) @M@ ® MMy M) @ fEMe
l(xK J{a“@idm} icocv@i}W la“@m la“xid \
i jd@nt @i
FEM® fr LMY 0 E M LMY @M MY MeM @MeMY FRM@ LMY @ M) @ M2 v o o r.0 0 MY P DY £ v @

id®e®id®id id@e"®id id@eR®id
. FRideidwid
id®e
id®id®coev

FEM @MY FEM@MY @M @MY 4eved FEM@MY

\—//

Cancelling out the two triangulators 71 appearing in the modifications
(don®)oaf~id, (iden®)o(de ) =id

we obtain

e coev M Qe MY

n n@ideid
id®coev

ffe——m——ffitaMaM’ [ hM @MY

o e®id®id e ®id l o
coev coev®id®id coevid®id
FHR M@ MY) 229 pp (M MY) @ M e MY MeMY FRMe MY @ M) @ MY EYL s £ g nv
e®id®id o feid *®id
ot aR®id®id coev®id®id
FEM® LMY 2% LM f* LMY @M oMY MM @ Mee MY 22 _weomY
d®e®id®id .
idoe e ®ideideid
FEM @MY 9BIEON e o MY @ M@ MYIEYEL per o MY

v

Using naturality of €® we get
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e coev M MY
n n®id®id
id®coev
e®id®id
coev coev®id®id
id®coev
FreMeaMY) —— f* (M MY) @ M e MY Mo MY
®id®id
o aR@id@id\ \Lcoev@id@id
coe id®ev®id
M f* LMY =25 M f* LMY @ Mo MY MMM MY ————s Mo MY
idRe®id®id
‘o FRIdRid®id e ®id
1 €
id®id®coev

FAM @MY FEMOMY @M@ MYEYE e £ v @ nv

Using the fact that (2.9) is a modification weN\_///

e coev M ® M\/
n \Ln®id®id
f*f*(f id®coev f*f*e ® M ® MV
. J/ g —<gid®id
FRM@MY) 229 o r (M@ MY) @M@ MY M@ MY
ol \ <ideid lcoev@id@id
FEM® F* f MY M@ MY MASIAG0N_ N o MY @ M @ MY —22VE o mv
k leR@)id leR®id®id®id leR@)id
F* LM @MY 0N e o MY @ M @ MYEYE e £ N v

Applying naturality of € we get

\\_//

e coev M ® MY
n in@id@id
f*f*G id®coev f*f*(”, ® M ®e MV
€ e®id®id
coev
FEMaMY) e coev M@ MY
oF \ lc"ev lcoevm

frEM® frfmY

Mo MV id®id®coev M® MV OM & MV id®ev®id M® MV

T, e T——— |

Using the swallowtail axiom for the coherent duality data for M we get the result.

[ EMe MY frEMe MY
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From Lemma 4.7 we obtain that the diagram

(Lf). L0 (Lf).LC
J{coev‘f* FaM / \Lcoev
© (1M @ £ £ 2L (o) pa (@ M)
\@/

is equal to the one obtained by applying (£ f).pé to

e e
v
f*f.e < e
(Mo MY) M e MY
ol \LER@)id =
P EM® f* LMY 2 o £ MY P Mo MY

Using the obvious equivalence € ® € 2 € o « and Lemma 2.10 (2) it is equal to

e

|

f e —"——¢

J/COBVM lcoevm
R

FrMeamY) —sMe MY

=~

FEMe f MY = fr (M@ MY) —— Mo MY

Now we are going to analyze the bottom part of diagram (4.5) in a similar way.

Lemma 4.8. Under the identification (eX;)V = exv given by (4.6) the diagram

Mae LMY 22 e M
J/eR@id
[ M @e f* f. MY evar
S

C C

27
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becomes equal to

M®e f* A MY 225 s Mee MY
€R®id
FEM @D fMY)

[e3%

1 (M ®e MY) <—— M @e MY

evi ievM

frhe~———r e

C C

where the top rectangle is given by (2.8).

From Lemma 4.8 we obtain that the diagram

Qe

(L F)upa(F 1M ® £ 1) E L (55 (M 0 M)

ievf*f*jw / levM

(Lf).LC (Lf).Le

is equal to the one obtained by applying (£ f).pé to

FEM® FEM -2 M Y 222 Mo MY

= Fid
(M e M)

[e3

FEMeMY) <— MM
evi i eV

/1. —

R

C C
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Using the equivalence € ® € 2 € o a and Lemma 2.10 (1) it is equivalent to

LN f7 LMY =2 (M2 M)
a o

FRMeMY) =—— ff,(MaM") <—— Mo M
evi lGVM

frfe = e

-

C C

4.3. Reduction to M = €. Observe that the diagram

p*D(f*M(@f*MV) (Lf)*pef (f*M®f*Mv) (Lf)*pef f*(M(X)MV)
[e% @ \ J/e
P fo(M© M) =2 (L )bl f* o (M MY) = (L F)upe (M @ M)
P e > (L£f)-pef.c = (Lf).Le
7" nt
LD (Lf) L€ (Lf).Le
= AR J/,\R
LD LD
is equivalent to
P (M@ L IMY) — (L)upe f* (LM @ fLMY) —— (L f)pe [ f(M @ MY)
la @ \ J{e
P fo(M® M)~ (LF)pe f* Fo(M® M) = (££)-pp(M @ MY)
= AR
P fr (M@ MY) (Lf)epe(Me M)
P f.C AT (L1).LC

LD LD
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Therefore, applying previous simplifications and removing invertible 2-morphisms from (4.5) we get

P fe M@ MY) —2> (LF)upp f* f(M @ MY)
P (fuM

Py (fxM

Py [ (M@ MY)

aR

Monf*M®id

«

® f*M\/) —

® f*MV) I

— 2 (L) f (M@ MY)

=

We have a diagram

(L)pef (M@ fLMY) —

(Lf)pef fMeoMY) ——

aR

(Lf)*pef M Mv)

e

Mon ¢+ 5, 5 ®id

«

(Lf)*pef f* M (24 MV)

)\R

P fiM® Mv)

P fr(M@MY) —— (L f)pe(M @ MY)
I
P fr(M@MY) =——pi, f. (M@ M")

=

——— (Lf)spe (M MY)
— (Lf)spe (M MY)
Monj ®id

— (Lf)pe(M @ MY)

|

(Lh)pef* fe(MeMY)

which we have to prove commutes up to an invertible 2-morphism. It will be enough to prove that

P [« M&N) —— (£ f).pe (M@ N)
=
P fx(M@N) Py fx(M@N)

commutes up to an invertible 2-morphism for any pair of C-modules M, N.
Note that all functors are Tr%t—linear and commute with geometric realizations, so by [Lurl7a, Theorem
4.8.4.1] it is enough to prove the assertion for M = N = C.
Substituting M = N = € and interchanging the first two columns we obtain a diagram

LD Rp C———LDRXp C——>
o =
LD ®p (CRp G)HLD@DQ

Mony, ¢ ®id
LD @p (C®op G)HLD@DG

: -
LD Rp C=———=LD®p C=—=LD ®p C
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in Prgt. By construction this is the mate of the 2-isomorphism in the rectangle

LD ®p (CRp C) HLD@@@
\LMonf*(g@ld
LD ®p (CRp C) p

|

LD@pC—2 o 1e

4.4. Reduction to rigidity. We will now simplify the above rectangle to show that it is right adjointable.
Let € be an oco-category with finite colimits and consider a diagram

By ———— Bis

A e

By —— B»
(4.9) ‘

Al — A12

S e

Ag ——— Ay

The morphism A5 — Bjg gives rise to a natural transformation A1 114, (—) — B2 14, (—) of functors
€4,/ — €. The universal property of the pushout gives a map AzI14, By — Ba. Therefore, we get morphisms

A2 14, (A2 14, Bo) = B12 4, (A3 14, By) — Bi2 a4, By — Bia.
Replacing A, by A; and By by B; we similarly get morphisms

A2 1y, (A1 14, Bo) = B12 a4, (A1 T4, By) — B2 14, By — Bia.
Using the commutativity data of diagram (4.9) we obtain

(410) A12 HA2 (A2 HAU Bo) —_— Blg HA2 (A2 HAU Bo) —_— Blg HA2 B2

\ B2
~

Ao 14, (Ay 4, Bo) — Bia 4, (A1 114, Bo) —— B2 114, By
We can exchange the first two columns to obtain another diagram:

(4.11) A2 114, (A2 14, Bg) — A12 114, Bo — B12 114, B

\ By
~

A g, (A1 s, Bo) —— A2 a, B —— Bi2 4, By
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which we will draw as

(412) A12 HA2 (A2 HAO Bo) —_— A12 HA2 B2

lw

A4, (A1 T4, Bo)

|

A4, By

By
which gives a square in &, i.e. a functor A! x Al — €.

Lemma 4.13. Suppose that the top and bottom squares in (4.9) are coCartesian. Then the square (4.12) is
equal to the square

Ayl a, (Bo g, As) —— A1 L4, By

| l

B,y HBO (Bo HAO A2) — B HBO By
obtained using naturality of the transformation Ay, (=) — B11lp, (=) of functors Eg,; — & with respect
to the morphism By L4, Ao — Bs.

Now consider the case & = CAlg(fPr%t). Using the functor f: D — € of k-linear symmetric monoidal
oo-categories we obtain a cube

C—— L¢C

~1 .~

e ——— €

where the top and bottom squares are of type (1,0) (see Section 3.2 for what this means). In this case the
isomorphisms

Aig Ta, (A TTa, By) = A1z 114, (A1 114, Bo)
and
A1a 114, (A2 g, Bo) = A1a 114, (A1 114, Bo)
become by Section 3.3 the categorified monodromy maps
Mony, e ®id: LD ®p (€ @1 C) = LD @ (C®p €)
and
Mony«f,e ®id: LE@p (€ @p €) = LE®p (C&p C).
The diagram (4.10) in this case becomes

LD Rp (CRp C) —=LLCRp (CRp C) ——= LL ®qp C

N

~ | Mony, ¢ ®id ~ | Mongx s, e®id L

e

LD @p (CRp C) —=LL®p (CR®p C) —= LL®p C
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Similarly, the diagram (4.11) in this case becomes
LD @p (C@p 6)4>L9®D C——=LCRpC

.

~ | Mony, ¢ ®id Le
LD Rp (CRp C) ——= LD ®qp €—>LG®@(‘,’/
which we may draw as a rectangle (4.12):
LD Rp (CRp C) —= LD Rqp C
lMonf*( ®id
LD ®p (Cxp C)

|

LD ®qp C L€

which we have to show is right adjointable.
By Proposition 3.9 the bottom and top squares in the cube are coCartesian, so Lemma 4.13 applies and
the above rectangle is equivalent to the square

D @pgp (E®@p C) ) ®pep C

| l

C Rege (C®p C) A C Rexe C

expressing naturality of the transformation D ®pgn (—) = € Qege (—) with respect to the morphism of
C ® C-modules A: € ®p € — C. Since f is rigid, A admits a right adjoint in Mode®,De(Pr§t) and hence in
Modege(Prit), so the square is right adjointable.

5. APPLICATIONS TO THE UNCATEGORIFIED CHERN CHARACTER

5.1. The Ben-Zvi—Nadler Chern character. Ben-Zvi and Nadler give a construction of a Chern char-
acter based on the functoriality properties of traces in symmetric monoidal (0o, 2)-categories. Let us recall
their definition.

Suppose € is a k-linear rigid symmetric monoidal co-category. By Proposition 2.17, € is dualizable in
Modoq, and we have an equivalence

et & Homygoqauat (Mody, €)
odk

given by sending a dualizable object z € C to the functor k +— .
Let dim: Modﬁd‘fék — Mody, be the composite

Mod$i2!  — Aut(Modatod,) —+ QModed, = Mody,

where the first functor sends M to idy¢. Then we have dim(Mody) = k and dim(C) = QLC. Therefore, we
also get a map

dim: Homyoqauar (Mody, €) — QLC.
odg
The Chern character defined in [BZN13a] is given by the composite

et — Homyjoqgey (Mody, €) A qce.
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Theorem 5.1. Suppose C is a k-linear rigid symmetric monoidal co-category. Then the uncategorified Chern
character ch: @4l — QLC is equivalent to the composite

el 5 Homygqaun (Mody, €) % QLC.
ody
Proof. The categorified GRR Theorem 4.3 applied to Mody — € gives a commutative square
Modd ! 2 e
ua dim l
Mod&o(lhc —— Mody,.
Evaluating it on the endomorphisms of € € Mod‘éual, we get the top square in the diagram

edual

T

OModd ! b QLe

|

Homygoqem (€, €) —2= Hom(QLE, QLE)
odg

\L dim

HomMOdl%Fa(i (N[Od]€7 G) —=QLC
odg

Here the morphism QL€ — Hom(2£C, QLC) is adjoint to the multiplication map on L€,
Hom(Q2LC,QLC) — QLC

is given by the evaluation on the identity element and
HomMOdiauoa(}k (G, (3) — HomMOdf&’oﬂk (Modk, (3)

is given by precomposition with the unit Mod, — €. The bottom square commutes by the functoriality of
dimensions.
The composite
el - OModg™ — QLe

is the uncategorified Chern character by Theorem 3.19, so the claim follows from the commutativity of the

diagram.
O

5.2. From the categorified GRR to the classical GRR. The classical Grothendieck—Riemann—Roch
theorem states the functoriality of the uncategorified Chern character with respect to the pushforward functor
fu: Perf(X) — Perf(Y) for a suitable morphism of schemes f: X — Y. In this section we will prove its
generalization with values in a sheaf of categories.

Let f: D — C be a rigid symmetric monoidal functor. Let T be a dualizable C-module category, 77 a
dualizable D-module category and g: f.T — T’ a right adjointable morphism in Modqp, i.e., a morphism in
Modg™.

Then we have Chern characters

Ch: Homyyygauar (€, T) — Hom ;)51 (1ce, Ch(T))

and
Ch: HomMod%ual(D, (‘T/) — Hom(LD)S1 (].LD, Ch({.T/)).
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Moreover, we can define pushforward maps as follows. The map
Homyoqauai (€, T) — Homyjgqquat (D, T')
sends a morphism x: € — T to the composite
D fi S LTS T

Similarly, the map
Hom ;51 (1ge, Ch(T)) — Hom ;)61 (Lo, Ch(T"))

is given by sending a morphism 1, — Ch(7) to the composite
Len — (L) 1ge = (££)*Ch(T) — Ch(T"),
where the last morphism is Ch(f,T — T7): (£ f)RCh(T) — Ch(T”).

Theorem 5.2. We have a commutative diagram of spaces

HOI’nMod%‘Jal (ea 7) s Hom(L@)sl (1ge, Ch(‘f))

| i

Ch
Homyjoqgua (D, T) —— Hom ;551 (1ep, Ch(T")).

Proof. We have a commutative diagram of spaces

Homygo s (€, T) ———— Hom )51 (1ce, Ch(T))
(en"

Homyjgqgger (€, £.7) — 2 Hom, ;) e1 ((££)F 1z, Ch(£.T))

Ch
HOmMOd%ual (D, f*‘I) Hom(LD)Sl (15@, Ch(f*ji))

Ch
HOmMOd%ual ('D, (.T/)

Hom(L,_D)S1 (]-LD» Ch(T’))

where the top square commutes by the categorified GRR Theorem 4.3 applied to f: D — € and the rest of
the squares commute by functoriality of the Chern character Ch. ]

Corollary 5.3. Suppose f: D — C is a rigid symmetric monoidal functor which is moreover proper in the
sense of Definition 2.29. Then we have a commutative diagram of spaces

@dual ch (Q,C G)Sl
fRi lff
pdual _ch (QLD)Sl.

Proof. The claim is obtained from Theorem 5.2 by setting 7= €, 7/ = D, and g = f®: f.€ — D. The fact
that the horizontal maps are the Chern characters follows from Theorem 3.19. g

Remark 5.4. Let f: X — Y be a morphism of perfect stacks which is representable, proper, of finite
Tor-amplitude, and locally almost of finite presentation. Then by Example 2.36 the pullback functor
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*: QCoh(Y) — QCoh(X) is rigid and proper. Therefore, the corollary in this case produces a commu-
tative diagram

LoPerf(X) 2= O(£X)

|

LoPerf(Y) -2~ 0(LY).

If we moreover assume that X — Y is a smooth morphism of smooth schemes over a field k of characteristic
zero, then by the results of Markarian [Mar09] the HKR isomorphisms O(£LX) 2 Q~*(X) intertwine the
integration map ff: O(LX) — O(LY) and the integration map ff: Q7*(X) — Q*(Y) on differential forms
twisted by the relative Todd class Tdx,y. Therefore, we obtain a commutative diagram

LoPerf(X) &> 9(LX) —= Q~*(X)

le J/.lf iff()/\TdX/Y

LoPerf(Y) —2> 0(LY) —== Q—*(Y).

5.3. The Grothendieck—Riemann—Roch Theorem for the secondary Chern character. In this
section we prove a Grothendieck—Riemann—Roch theorem for the secondary Chern character. If C is a k-
linear symmetric monoidal oco-category, we denote by Mod%at the full subcategory of Mod‘éuaLl spanned by
the saturated C-modules (Definition 2.30).

Definition 5.5. Let € be a k-linear symmetric monoidal co-category. We define the secondary Chern
character to be the composite

ch®: ioModg* — ((£e)1)S" — (g2e)5 5

where the first map is the categorified Chern character for € and the second map is the classical Chern
character for £C.

Theorem 5.6 (Secondary GRR). Let f: D — € be a smooth and proper functor of symmetric monoidal
oo-categories. Then the square

i @)
LoModt -5 Qg (£2€)(5"x5h

/| 1

2
LoMOd%t L} QSp<L2D)(S1 ><S1)
commutes.

Proof. Since f is smooth and proper, the pushforward f,: Mode — Modqp preserves saturated oo-categories
(Lemma 2.32). Restricting Theorem 4.3 to saturated co-categories, we therefore obtain a commutative square

Mod%t — s (£e)s"

d e

Mod$® —2s (£D)S",

By Lemma 2.33, £Lf: LD — LC is proper. Hence, composing the above commutative diagram with the
classical GRR as in Corollary 5.3, yields the statement. |

Let us assume that C is compactly generated and rigid in the sense of Definition 2.16. We denote the
subcategory of compact objects by €. By Corollary 2.19, we have that C4" = ,,C*. We will write mode.
for the co-category of small stable idempotent complete C¥-linear oo-categories. The Ind-completion functor
identifies modew with a full subcategory of Mod%“al. In [HSS17], we considered the co-category modgs of
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small saturated C¥-linear oco-categories, which is the intersection mode~ N Mod%at. As proved in [HSS17,
Theorem 6.20], ch® descends to a morphism of E., ring spectra

ch®: K@ (%) — Qg (£2€)(5 51,

where (g, is the spectrum of endomorphisms of the unit object. This is the diagonal composition in the
diagram

tomodFl —— 1o(LC¥)% > Qgp (L G)(SIXS )

L /

L()l\/IOtlsat Cw

v /

K@ (ew)
where a dotted arrow means a map to the infinite loop space of the target, see [HSS17, Diagram (6.19)].

Theorem 5.7 (Motivic GRR). Let us assume that C and D are compactly generated and rigid, and let
f:D — € be a rigid symmetric monoidal functor. Then the square

Mot(€w) —2= (£e)S"

d e

Mot(D¥) —> (£ D)5
commutes. If f is smooth and proper, the square

Mot** (ev) — s (£ew)s’

/| o

Mot™! (D) —> (£D¥)5'
commutes.

Proof. First note that the functor f, : Modg"* — Mod$™ preserves compactly generated co-categories. The
functor mode~ — Mot(€¥) is by definition the universal functor to a presentable stable co-category that
preserves zero objects, exact sequences, and filtered colimits. The functors

mode. 2% modp. 2% Moddval &y (£ D)’
and
1
modes 2% Modd 2 (£e)S
satisfy these conditions and therefore the categorified GRR factors through the commutative square as in the
statement. The commutativity of the second square is proved in the same way, using that modsaLt — Mot (Cv)

is the universal functor to a stable idempotent complete oco-category that preserves zero obJects and exact
sequences. 0

Corollary 5.8. Assume that C and D are compactly generated and rigid, and let f: D — € be a proper
symmetric monoidal functor. Then we have a commutative square of spectra

K(Cv) — > g, (£€)5"

f*l iff

K(D¥) —> Qg, (£D)S"
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Proof. Repeat the proof of Corollary 5.3, using the first square of Theorem 5.7 instead of Theorem 4.3. O

Theorem 5.9 (Secondary motivic GRR). Let C and D be compactly generated rigid categories and let
f:D — € be a smooth and proper symmetric monoidal functor. Then the square

KO (€)% 0g, (£7€)(8" 5"

/| |

K(Q)(Dw) L@L QSP(L2@)(slxsl)
commutes.
Proof. Applying nonconnective K-theory to the second square in Theorem 5.7, we get a commutative square

of spectra

K®(ev) —2 s KRS (£ew)

/| o

K@ (D) s KS' (LDw).
Now Lf: LD — LC is also a rigid symmetric functor which is proper (Lemma 2.33). Hence, Corollary 5.8
applied to £f: LD — LC yields the commutative square

K(£€%) — > Qg (£2C)S"

[/le lf/;f

K(£D¥) —2> Qg (£2D)5".
Combining the two squares yields the statement. (|

5.4. Secondary Chern character and the motivic Chern class. In this section we establish a compar-
ison between the secondary Chern character and Brasselet, Schiirmann and Youkura’s motivic Chern class
[BSY10]. The motivic Chern class is an enhancement of MacPherson’s total Chern class of singular varieties
[Mac74] and, as explained in [Sch09], it specializes to other well-known invariants of singular varieties.

Throughout the section k is a field of characteristic 0. A variety is an integral separated scheme of finite
type over Spec(k). For X a variety, we write Mot(X) for the presentable stable co-category Mot (Perf(X))
of localizing Perf(X)-motives [HSS17, Definition 5.14].

Definition 5.10. We denote by Motgy(X) the smallest stable idempotent complete full subcategory of
Mot (X) such that for every proper map f: Y — X from a smooth variety the pushforward factors as

MOtBM(X)

|

Mot™(Y) —L*~ Mot (X).

We call Motgy (X) the co-category of Borel-Moore noncommutative motives over X.

Remark 5.11. If f: X — Y is a proper morphism of algebraic varieties, there is a well-defined pushforward
functor f.: Motgm(Y) — Motgm(X) . The qualifier Borel-Moore alludes to this feature.

Lemma 5.12. The restriction of Ch to Motgym(X) factors as
Coh(LX)

|

Moty (X) — 2> QCoh(£X).
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Proof. Let f: Y — X be a proper map from a smooth variety Y. As f: Y — X is proper, £f is proper
and there is a well-defined pushforward £f.: Coh(LY) — Coh(£X). Further, since Y is smooth, LY is
eventually coconnective (see Lemma 6.9), and therefore there is an inclusion Perf(LY) C Coh(LY). The
motivic GRR theorem (Theorem 5.7) yields a commutative square

Ch

Mot™* (Y) Perf(LY)
(5.13) f*l lﬁf*
Moty (X) —2> QCoh(£X).
By the previous discussion, the upper composition £ f, o Ch lands in Coh(£X)
Mot™* (Y) Coh(£X) C QCoh(LX).

Then, since (5.13) is commutative, the lower composition Ch o f, also corestricts to Coh(£LX).
Now, by definition Moty (X) is generated under fibers, cofibers, and retracts by the images of the
pushforward functors

£ f,0Ch
S

fr: Mot®™(Y) — Mot(X)
as Y — X ranges over all proper maps with smooth domain. We conclude that Ch restricted to Moty (X)
lands in Coh(£X), which is what we wanted to prove. O

Definition 5.14. We denote by Kg\)/[ (X)) the algebraic K-theory of Moty (X),
EG(X) == K (Motpm(X)).

Let ix: X — £LX be the embedding of the trivial loops. By [Barl5, Proposition 9.2] the pushforward in
G-theory, ix.: G(X) — G(LX), is an equivalence.

Definition 5.15. We denote by Chgﬁd the map

@, : K&, (X) = K (Motpw (X)) = K (Coh(£X)) ~ G(X).

We call chglz/[ the BM secondary Chern character.

The categorified GRR theorem implies a GRR statement for the BM secondary Chern character.

Proposition 5.16. Let f: Y — X be a proper map of algebraic varieties. Then there is a commutative

square
2) ch{)y
Kpu(Y) ——=G(Y)

f*l J/f*
2)

ch](3M
K2 (X) =25 G(X).

In [Bit04] Bittner obtains a presentation of the Grothendieck group of varieties over X, Ky(Varx), which
we recall next. She proves that Ky(Varx) is isomorphic to the free abelian group on isomorphism classes of
proper maps [Y — X], such that Y is smooth and equidimensional, subject to the following two relations

(1) [g—X]=0
(2) For every diagram

E—"sBly(Y)
o
77— .yt . x

where j is a closed embedding of smooth equidimensional algebraic varieties, Bl (Y) is the blow-up
of Y along Z, and F is the exceptional divisor,

BlY — X]—[E— X]=[Y — X]|—[Z — X] in Ky(Vary).
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If € is an oo-category over X having the property that its motive lies in Motgm (X), we denote by [€] its
class in Kg\)/[ (X).

Proposition 5.17. There is a homomorphism of groups pu: Ko(Varyx) — Kgl\)/[,O(X) given by the assignment:

v L5 X € Ko(Varx) = fu[Pert(Y)] € Ky o(X).

Proof. The proof is the same as the one given in [BLL04] for the case X = Spec(k). The key ingredient is
Orlov’s formula for the category of perfect complexes of blow-ups, see [BLL04, Proposition 7.5]. The only
thing to prove is that the assignment

v L4 X] € Ko(Varx) v fo[Perf(Y)] € Ky o(X).

is compatible with the relations (1) and (2) coming from Bittner’s presentation of Ky(Varx).

Relation (1) reduces to the fact that Perf(@) is the 0 category. Now let Z % Y be as in relation (2),
and let s be the codimension of Z in Y. Orlov’s formula, proved in [Orl93], gives a Perf(Y)-linear semi-
orthogonal decomposition of Perf(Blz(Y)) with s factors: one copy of Perf(Y') and s-1 copies of Perf(Z).
The exceptional divisor E C Blz(Y) is a projective bundle over E of rank s-1. Thus by [Orl93] Perf(E) has

a Perf(Z)-linear semi-orthogonal decomposition with s factors all equivalent to Perf(Z).

We obtain the following identities in K 1(321\)/[,0(X ):

(fq)«[Perf(Blz(Y))] = fu[Perf(Y)] + (s — 1)(f).[Perf(2)], (fqi).[Perf(E)] = (if).[Perf(Z)]
This immediately implies that
fo[Perf(Blz(Y))] = (fqi)«[Perf(E)] = f.[Perf(Y)] — (fJ)«[Perf(Z)]
which can be rewritten as the identity
p(Blz(Y)) — w(E) = (YY) — u(Z)
This shows that relation (2) is satisfied, and concludes the proof. O

5.4.1. The motivic Chern class. Let X be a variety. The motivic Chern class was defined in [BSY10]. It is
the morphism

mC,: Ko(Vary) — Go(X) ® Z[y]
which is uniquely determined by the following two properties:

(1) If X is smooth, mC,([X 25 X)) = S[Q%] -y € Go(X) @ Z[y]
(2) fY — X is a proper map and Y is a smooth algebraic variety there is a commutative diagram

chmot

Ko(Vary) —= Go(Y) ® Z[y]
(5.18) f*i J/f*
Ko(Vary) imeg. Go(X) @ Zly].

Theorem 5.19. Let X be a variety. Then there is a commutative diagram

Ko(Varx) 25 Go(X) ® Z]y]
(2) chiy
KBM’O(X) ———= Gy(X)

where the vertical map on the right is the quotient map

Go(X) ® Zly] = Go(X) @ Z[y]/(y + 1) = Go(X).
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Proof. By Proposition 5.16 the BM secondary Chern character satisfies a GRR theorem for pushforwards
along proper maps. Then, in view of the defining properties (1) and (2) of the motivic Chern class, to prove
the claim it is sufficient to verify the following two compatibilities. The first is that, if X is smooth, diagram

(5.20) commutes when evaluated on [X X x ]. This holds, since
chimy o u([X 25 X]) = chimy([Perf(X)]) = [ix0cx] = Y (~1)'Q = somC. (X = X]).

Finally, we need to check that if f: Y — X is a proper map, the square

Ko(Vary) —2 > Ko(Vary)

fx
K o(Y) —2= K o(X)

commutes. This is clear, and this concludes the proof. O

6. THE CATEGORIFIED CHERN CHARACTER AND THE DE RHAM REALIZATION

In this section we prove that the categorified Chern character recovers the de Rham realization. The main
technical input will be the categorified GRR theorem. We will leverage work of Preygel on the comparison
between coherent sheaves on the loop stack and crystals [Prel5].

Throughout this section we will work over a fixed ground field k& of characteristic zero, and “derived
scheme” will mean “derived scheme almost of finite type over k7. We write Sch for the oo-category of
derived schemes. If X is a derived scheme, we denote by Schx the overcategory Sch,x. Recall that a
morphism of derived schemes Y — X is smooth if for every classical scheme Z and every morphism Z — X,
the projection Y X x Z — Z is a smooth morphism of classical schemes. We denote by Smx C Schx the full
subcategory of smooth X-schemes.

We will use heavily the theory of ind-coherent sheaves developed in [Gail3, GR16]. Recall that for X
a derived prestack (locally almost of finite type), there is defined a symmetric monoidal presentable stable
oo-category IndCoh(X), and for any morphism f: Y — X there is a symmetric monoidal pullback functor

f': IndCoh(X) — IndCoh(Y).
If f is schematic and quasi-compact (more generally, ind-inf-schematic), there is also a pushforward functor
f«: IndCoh(Y) — IndCoh(X)

with the following properties: if f is proper (more generally, ind-proper), then f, is left adjoint to f', and if
f is an open immersion, then f, is right adjoint to f'. Furthermore, there is a canonical action of QCoh(X)
on IndCoh(X), denoted by ®. The functor

T: QCoh(X) — IndCoh(X), T(F)=FQuwx,

where wx € IndCoh(X) is the unit object, is symmetric monoidal and intertwines the *-pullback of quasi-
coherent sheaves and the !-pullback of ind-coherent sheaves.

If X is a derived scheme, we have IndCoh(X) = Ind(Coh(X)), where Coh(X) C QCoh(X) is the subcat-
egory of bounded pseudo-coherent complexes or, using the terminology of [Lurl8], bounded almost perfect
objects.

6.1. Ind-coherent sheaves on loop spaces and crystals. In this section we review definitions and results
from Preygel’s article [Prel5].

Let C be a k-linear oo-category equipped with an S'-action. The invariant category €° " is linear over
C*(BS', k) ~ k[[u]], with u in (homological) degree —2, and we set

GTate = @S ®k[[u]] k((u))
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If € is large the Tate construction is often not quite the right concept. Under the assumption that C is a stable
oo-category with a coherent t-structure [Prel5, Definition 4.2.7], Preygel introduces the tTate construction
CtTate 55 a better behaved alternative. It is defined by

etTatc — Ind(coh(e)sl) ®k[[u” k((u))y

where Coh(€) C € is the full subcategory of bounded almost perfect objects' and (—)®g.j k((u)) is extension
of scalars for presentable linear oo-categories. The notation Coh(€) is motivated by geometric applications.
Indeed, let X be a derived scheme with a S'-action. If € = Ind(Coh(X)) then Coh(€C) coincides with the
stable category of coherent complexes on X, Coh(X). Further by [Prel5, Remark 4.5.6] we have that

IndCoh(X)*™™ ~ Ind(Coh(X)®") @y #((u)) = Ind(Coh(X)™).

Let X be a derived scheme and X4gr the associated de Rham prestack. Recall that a crystal on X is by

definition a quasi-coherent sheaf on X4r, and that the functor
T: QCoh(Xgr) — IndCoh(X4Rr)
is an equivalence [GR14, Proposition 2.4.4]. The inclusion of the constant loops X — L£X is a nil-
isomorphism, and hence it induces an equivalence of de Rham prestacks. We therefore have an S'-equivariant
map
nx: LX — (LX)dR ~ XdR7

where the S'-action is given by loop rotation on £X and is trivial on Xqr. The morphism 7x is an
inf-schematic nil-isomorphism and hence induces an adjunction

7x .« : IndCoh(£X) = IndCoh(XgR) : 'y,
where the right adjoint is symmetric monoidal.

Theorem 6.1 ([Prel5], Theorem 1.3.5). For every derived scheme X, the morphism mx induces inverse
equivalences of symmetric monoidal co-categories

(mx )t - IndCoh(L£ X))t T2 =5 IndCoh(Xq4g )t : (') tTate,
Definition 6.2. If C is a presentable stable k-linear co-category, we denote by Cz/5 its Z./2-folding,
Cz/2 = C®y k((u))

where u is in degree —2.

If S acts trivially on a stable co-category € with coherent t-structure, we have

etTate ~ Ind(Coh(€))z/2

[Prel5, Lemma 4.5.4]. In particular, Theorem 6.1 gives equivalences of symmetric monoidal co-categories
(6.3) IndCoh(£X)"™* ~ IndCoh(Xar)z/2 ~ QCoh(Xar)z/2-

We will not distinguish notationally between an object of € and its image in the Z/2-folding €z, as it will
always be clear from the context which is meant.

We now discuss the functoriality of the construction € — CtTat¢ following [Prel5, §4.6]. An exact functor
F: € — D between stable co-categories with coherent t-structures is called coherent if it is left t-exact up to
a shift and F|C.q preserves filtered colimits. For such a functor there is an induced commutative diagram

Ccoo — > Ind(Coh(C)) —— I
D oo — Ind(Coh(D)) —— D,

where Cooo = |J,, €<n C € is the subcategory of homologically bounded above objects. Note that the
functors f': IndCoh(X) — IndCoh(Y) and f,: IndCoh(Y) — IndCoh(X) are coherent for any morphism of

I [Prel5] Preygel calls almost perfect objects almost compact. Note that in the terminology of [Lurl8, Appendix C.5.5],
Ind(Coh(C)) is the stabilization of the anticompletion of Cxg.
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derived schemes f: Y — X. Similarly, if C has a symmetric monoidal structure whose unit is bounded above
and such that x ® (—) is coherent for every z € C.q, there is an induced symmetric monoidal structure on
Ind(Coh(@)) that restricts to the original one on C. .

If C has an S'-action, the diagram of functors

st
e<oo

|

@S’ < Ind(Coh(€)5") — @tTate

is thus natural in € with respect to coherent functors. Replacing the functor Ind(Coh(G)Sl) — e by its
right adjoint, we obtain a canonical functor

o: eSl N etTate
which is left-lax natural in C, and whose restriction to Giloo is strictly natural by Lemma 4.6.1 and Remark
4.6.3 of [Prel5]. If € is symmetric monoidal as before, the above diagram is one of symmetric monoidal

functors. It follows that © is right-lax symmetric monoidal, and that its restriction to @ilo is symmetric
monoidal; in particular, © is unital.

Lemma 6.4. Suppose that € = Ind(Coh(€)) and that S acts trivially on C. Then the functor
0: €5 - eTae ~ ey,
sends an S*-equivariant object E to its Tate construction
1 1
EY = E% @ k((u)).

Proof. There is a commutative square of left adjoint functors

e es'

|

Ind(Coh(€)) — Ind(Coh(€)S"),

where the horizontal functors equip an object with trivial S'-action. Under the equivalence
Ind(Coh(C)%") ~ € @y, k[[u]]

of [Prel5, Lemma 4.5.4], the lower horizontal functor is given by extension of scalars. Passing to right
adjoints, we deduce that the functor

eS" = Ind(Coh(€)5") ~ € @y, kl[u]]
sends an object E to its S'-fixed points ES" with their k[[u]]-module structure. O

6.2. The categorified de Rham Chern character. For X smooth over k, the categorified de Rham
Chern character will be a functor

Ch*™: Modg&hy x) — Dx-modz s

associating to every dualizable sheaf of oco-categories on X a 2-periodic D x-module. More generally, for
X mnot necessarily smooth, we will define Ch?® as a functor valued in the oco-category QCoh(Xar)z/2 of
2-periodic crystals. The relationship between crystals and D-modules will be reviewed in §6.3.

Definition 6.5. Let X be a derived scheme. The categorified de Rham Chern character is the functor

Mod3ih, x) = QCoh(£X)% L5 IndCoh(£X)S" 2 IndCoh(£X)*** ~ QCoh(Xdr)z/2,

where the last equivalence is (6.3). We denote the de Rham Chern character by Ch®,
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Note that Ch® is a unital right-lax symmetric monoidal functor, being a composition of such functors.
Moreover, the restriction of Ch® to fully dualizable QCoh(X )-modules is strictly symmetric monoidal, since
T o Ch takes such modules to Coh(LX)Sl.

When X is a smooth scheme, Ch®® is an enhancement of periodic cyclic homology:

Lemma 6.6. Let X be a smooth scheme and let m: X — Xgr be the canonical map. Then the composite
functor

ua ChdR o
ModG&hn x) —— QCoh(Xar)z/2 ~— QCoh(X)z/2
sends M to its relative periodic cyclic homology HP(M/X) = HH(M/X)tsl.
Proof. Let e: X — L£X be the inclusion of the constant loops. Since e is proper, the functor e' admits a coher-

ent left adjoint e, so that it commutes with ©. Since X is smooth, the functor T: QCoh(X) — IndCoh(X)
is an equivalence. Using these facts, one can identify 7* o Ch™® with the composition

Mod38l, ) 2 QCoh(£X)S" <5 QCoh(X)S" 25 QCoh(X)z)s.

By definition, Ch(M) is the trace of the monodromy automorphism of p*M, where p: LX — X. Since
poe=idx, e*(Ch(M)) is the trace of the identity on M, that is, the Hochschild homology HH(M/X) with
its canonical S'-action. By Lemma 6.4, the last functor sends an S'-equivariant object E to its Tate fixed
points Etsl7 which completes the proof. O

Remark 6.7. The functor Ch®™® sends localization sequences of dualizable QCoh(X)-modules to cofiber
sequences, and its restriction to compactly generated QCoh(X )-modules extends to a functor

Ch™®: Mot(X) = Mot(Perf(X)) — QCoh(Xdr)z/2

(since Ch has both properties). However, Lemma 6.6 shows that Ch™® does not preserve filtered colimits, so
that it is not a localizing invariant in the sense of [HSS17, Definition 5.16].

We now investigate the naturality properties of the categorified de Rham Chern character. If f: Y — X

is a morphism of derived schemes, we have a commutative diagram

~

(6.8)  Mod3el, ) > QCoh(£X)S" > IndCoh(£X)S" ~ IndCoh(£X)!™ == QCoh(Xqr)z/o

f*i Lf*l Lf’l =  Lf stl

Mod3h, ) — QCoh(£Y)S" T IndCoh(£Y)S" ~Z> IndCoh(LY)! 2 == QCoh(Yar)z/s-

(For the last square, recall that the horizontal equivalences are inverse to 7' o Y.) The 2-cell is invertible if
f is proper, since in this case £f' admits a coherent left adjoint. In fact, each of the component functors
of Ch™® is natural on Sch® (for T, see [GR16, 11.3.3.2.5]), except © which is left-lax natural. Hence, Ch*®
can be promoted to a left-lax natural transformation

Ch™: Mod$h, ) = QCoh((—)ar)z/2: Sch®® — Cat(u 1),

which is strictly natural for proper morphisms, and whose restriction to fully dualizable modules is strictly
natural. For any morphism f: Y — X, we obtain by passing to right adjoints a canonical transformation

Ch™ o f, = far.. o Ch®.

Following [Gaill, Definition 7.3.2] we say that a morphism f: Y — X is Gorenstein if it is eventually
coconnective, locally almost of finite type, and the image of Ox under

f': QCoh(X) — QCoh(Y)
is a graded line bundle.

Lemma 6.9. Let f: Y — X be a smooth morphism of derived schemes. Then the morphism Lf: LY — LX
is quasi-smooth and in particular Gorenstein.
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Proof. The morphism £ f can be factored as
LY - LX xx Y — LX,

where the first morphism is a base change of the diagonal f and the second is a base change of f. If f is
smooth, both f and its diagonal are quasi-smooth, and the result follows. O

Theorem 6.10. Suppose f: Y — X is a smooth morphism of derived schemes. Then the diagram
R ChdR
ModG&hn vy —— QCoh(Yar )z

if* /7 faRr, =
ua Ch%
ModGeh, (x) —— QCoh(Xar)z/2
commutes strictly.

Proof. We show that each square in (6.8) is right-adjointable. For the first square, this is Theorem 4.3. The
assumption that f is smooth implies that £f is Gorenstein (Lemma 6.9). By [Gail3, Proposition 7.3.8], it
follows that the functor £ f' admits a right adjoint given by

(6.11) Fo Lfu(Kp0F),

where K¢ ; € QCoh(LY) is the relative dualizing sheaf. The right adjointability of the second square is thus
the statement that the canonical map

T(Lfu(F)) = Lfo(Kg; @ T(T))
is an equivalence for every F € QCoh(LY"). Since wey ~ Koy ® L f*(wex) in IndCoh(LY'), we can identify
this map with the canonical map
L(F)@wex = LI(FT@ L (wex)),

which is indeed an equivalence by [GR16, Proposition I1.1.3.3.7].

For the third square in (6.8), first note that the functor (6.11) preserves colimits and is left t-exact up to a
shift, so that it induces a functor between the tTate constructions which is right adjoint to (£ f')*T2t. More-
over, since the pullback functors commute strictly with the functors Ind(Coh(£(—))5") — IndCoh(£(—))S",
their right adjoints commute strictly with ©. Finally, the last square is trivially right-adjointable, since its
horizontal maps are equivalences. O

Next, we show that the categorified de Rham Chern character is A'-homotopy invariant. We start with a
lemma generalizing the homotopy invariance of periodic cyclic homology, first proved by Kassel [Kas87, §3].

Lemma 6.12. Let C be a k-linear symmetric monoidal oo-category. For any E € Gsl, the map
E — FE @, HH(K[t]/k)
induces an equivalence on Tate S'-fized points.

Proof. Since Tate fixed points vanish on the image of the left adjoint to the forgetful functor € ‘e [Kle01,
Corollary 10.2], it will suffice to show that the cofiber of k¥ — HH(k[t]/k) is induced from the trivial subgroup

of S1. Since k has characteristic zero, HH(k[t]/k) € Modf1 is the free simplicial commutative k-algebra on
the S'-equivariant k-module k[S1]:

H(k([t]/k) ~ € Symj (k[S"]) ~ 5 k[Sym™S"].
n>0 n>0
Here, Symj, is the symmetric power defined in [Lurl8, §25.2.2], and Sym” is the “strict” symmetric power of
spaces. The second equivalence holds because Sym) and Sym™ are left Kan extended from their restrictions
to finite free k-modules and finite sets, respectively (for the latter, see [Hoy18, §2]). Thus, it suffices to show
that k[Sym"S!] is induced for all n > 1. It is easy to check that the S!-equivariant map Sym"S* — S'/C,,,
(#1,.-+,2n) ¥ ¥/Z1...2%n, is an equivalence [Mor67]. Using again that k has characteristic zero, the map
k[S'] — k[S'/C,] is an equivalence for all n. This concludes the proof. O
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Proposition 6.13 (Homotopy invariance). Let X be a derived scheme. For every dualizable QCoh(X)-
module M, the map

Ch (M) — Ch™™ (M ®qcon(x) QUoh(AK))
induced by the projection A\ — X is an equivalence in QCoh(Xar)z/2-
Proof. Since crystals satisfy h-descent [GR14, Proposition 3.2.2] and Ch® is strictly natural with respect
to proper maps, we can assume that X is a smooth scheme. By Lemma 6.6 and the conservativity of

the forgetful functor QCoh(Xgqr) — QCoh(X) [GR14, Lemma 2.2.6], we are reduced to proving that
HP(—/X): Mod%u&l)h(x) — QCoh(X) is homotopy invariant. This is a special case of Lemma 6.12. O

6.3. de Rham Chern character and de Rham realization. In this section we explain how Theorem 6.10
implies a comparison between the de Rham Chern character and the classical de Rham realization. We first
explain what we mean by the latter.

The functor QCoh((—)ar): Sch® — Cat(o 1 classifies a coCartesian fibration

Q — Sch®P.

Since the pullbacks fjp admit right adjoints, it is also a Cartesian fibration over Sch®”. For X € Sch, let
Q,x denote the restriction of Q to Sch%. Since X is an initial object in Sch’, the inclusion of the fiber over
X

QCoh(Xgr) — Q/x
is fully faithful and admits a right adjoint sending any object to its pushforward to X.
Definition 6.14. Let X be a derived scheme. The de Rham realization
dRx: Schgg — QCoh(Xar)
is the composition of the unit section Schy — Q,x and the right adjoint to the inclusion.
By definition, the de Rham realization dRx sends an X-scheme f: Y — X to the crystal
far,«(Oyv,r) € QCoh(Xar).
Similarly, consider the coCartesian fibrations

M — Sch®® and Qz/, — Sch?

classified by the functors Mod%‘géh(_) and QCoh((—)dr)z/2. Both are also Cartesian fibrations, and hence
the inclusions

Modg&hnx) = Myx and  QCoh(Xar)z/2 < (Qz/2)/x
admit right adjoints. The left-lax natural transformation Ch?® classifies a morphism M — Qj /2 over Sch”.
The commutative square

M ChiR
/X (92/2)/)(

| |

M ddual ChdR
0dgcon(x)y — = QCoh(Xar)z/2
induces by adjunction a 2-cell

ChiF

(6.15) M, x (Qz/2)/x

L=
Mod&ial, 1) 2 QCoh(Xar)z)».
Given f: Y - X and C € Modglé‘éh(y), the component of this 2-cell at € is the canonical map
Ch®(£.€) = far..ChIR(@).
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In particular, by Theorem 6.10, it is an equivalence if f is smooth.
Precomposing the 2-cell (6.15) with the unit section

Sch¥ = M/x, Y + QCoh(Y) € Mod$&,, (v,
we obtain a natural transformation
Ch*® 0 QCohy = dRyx: Sch%®? — QCoh(Xar)z/2

comparing the categorified de Rham Chern character with the Z/2-folding of the classical de Rham realization.
By Theorem 6.10, it restricts to an equivalence

Ch® 0 QCohy ~ dRy: Sm% — QCoh(Xar)z/o
on the category of smooth X-schemes. We state this as the next result:

Theorem 6.16. Let X be a derived scheme. Then there is a commutative diagram

Smg’? L QCOh(XdR)Z/2.

QCOhxl ChdR
M ddual
0dQCoh(X)

Suppose now that X is a smooth scheme. In this case, we can rephrase Theorem 6.16 in the more classical
language of D-modules. Let Dx denote the quasi-coherent sheaf of differential operators from Ox to Ox,
viewed as an algebra object of QCOh(X)O under composition o. Let m: X — X4r be the canonical map. As
shown in [GR14, §5.4], the forgetful functor

T QCOh(XdR) — QCOh(X)
is monadic and the corresponding monad on QCoh(X) can be identified with Dx ® (—). We therefore have
an equivalence
QCoh(Xgr) ~ Dx-mod,
where D x-mod is the co-category of left D x-modules in QCoh(X). By [GR16, Lemma I11.4.4.1.6], for any
morphism f:Y — X of smooth schemes, there is a commutative square

QCOh(XdR) @ QCOh(YdR)

|,k

D x-mod Dy -mod,

where f° is the naive pullback of left D-modules [Bor87, VI §4.1]. By adjunction, there is a commutative
square

far,«

QCOh(YdR) — QCOh(XdR)
Dy-mod ° D x-mod,
where fo is right adjoint to f°. If f is smooth and M € Dy-mod, fo(M) is the quasi-coherent sheaf
(@0, 950y

equipped with the Gauss—Manin connection (here, Q;/'X is the relative de Rham complex, viewed as an

object in QCoh(Y)<p).? In particular, the de Rham realization dRx sends a smooth morphism f: Y — X
to its relative de Rham cohomology f, (Q;,;X) equipped with the Gauss—Manin connection.
21f f is smooth of relative dimension d, the usual pushforward of left D-modules, denoted by f4 in [Bor87, VI, §5], by ff in

[HTTO8], and by fs in [Drel3, §3], sends M to f«(M Qo Q;,/'X)[d]7 but it is right adjoint to f°[—d].
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Remark 6.17. Theorem 6.16 implies in particular that, up to Z/2-folding, the Gauss—Manin connection on
the cohomology of the fibers of a smooth morphism f: Y — X is of non-commutative origin. That is, it
only depends on QCoh(Y') and its QCoh(X)-linear structure.

Remark 6.18. Let X be a smooth scheme. Then the categorified de Rham Chern character
Ch*™: Mot(X) — Dx-modys

(see Remark 6.7) is a categorification of the classical Chern character with values in de Rham cohomology.
Indeed, on endomorphisms of the unit objects, it gives a morphism of E., ring spectra

ch'™: K(X) — [ Hi>"(X),
nez

which is the composition of the Dennis trace map K(X) — HH(X/k)S" (see [HSS17, Remark 6.12]) and the
canonical map HH(X/k)S' — HH(X/k)'S' ~ HP(X/k).

Remark 6.19. We state explicitly an important special case of the categorified de Rham Chern character.
Let X = Spec(R) be a smooth affine scheme. Recall from Lemma 6.6 that the composite

ua. ChiF forget
Mod{ion(x) —— Dx-modzz ——— QCoh(X)z/

maps M € ModdQu&l)h( x) to its relative periodic cyclic homology HP(M/R) viewed as an R-module. The fact
that HP(—/R) factors through the co-category of D-modules implies that HP(M/R) carries a flat connection,
which is a non-commutative analog of the Gauss—Manin connection.

If A is an R-algebra, a construction of the Gauss—Manin connection on HP(A/R) was proposed by Getzler
in [Get93]. Our construction has the advantage that it applies to all dualizable sheaves of categories over
X, and not just to modules over a sheaf of algebras A over X. We believe, but do not prove, that the
categorified de Rham Chern character matches Getzler’s construction in the cases where they overlap. We
will return to this question in future work.

Remark 6.20. Suppose X smooth and quasi-projective over k. In [Drel3, Theorem 3.3.9], Drew constructs
a de Rham realization functor

par: SH(X) — Dh-mod
where SH(X) is the stable motivic homotopy oo-category over X and D%-mod C Dx-mod is the full
subcategory of holonomic left D x-modules. Consider the composite functor

dRYy : Sch$ M SH(X)® 2% D y-mod® = (Dy-mod¥)°P,

where Sch% is the category of classical X-schemes of finite type, M(f: Y — X) = fif'(1x), and D is Verdier
duality. Using the compatibility of pgr with the six operations proved by Drew, one can show that, if Y is
smooth quasi-projective and f: Y — X is arbitrary,

dRx (f: Y = X) ~dRx(f: Y = X)[dim(X)].

By inspecting the definition of pgg, it is not difficult to show that in fact there is an equivalence of functors
dR’y ~ dRx[dim(X)]: Sm¥ — Dx-mod. In other words, our de Rham realization is, up to a shift, Verdier
dual to Drew’s de Rham realization.
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