1 Preliminaries on the stack ﬁo,n

Let k& be an algebraically closed field and n > 3. An n-pointed stable rational curve over k is a
reduced and connected curve C over k with n distinct smooth k-points x1, ..., x, such that

1. the singular points of C are ordinary double points;
2. each irreducible component of C' is isomorphic to P};

3. on each irreducible component, the number of marked points plus the number of singular
points is at least 3;

4. C has genus 0, i.e., H*(C,0¢) = 0.

A morphism (C,z1,...,2,) = (C',2},...,2]) between such curves must send x; to x. The
conditions guarantee that such a curve has no nontrivial automorphism. Indeed, condition 4
imply that C' is a “tree”, and since C is of finite type any “maximal path” contains marked
points in its extremal components. Thus if f is an automorphism of C, it must map any such
path, and therefore any component within it, to itself, otherwise there would be a cycle. This
shows that a singular point is mapped to itself, and conditions 2 and 3 imply that f is the
identity.

If S is a scheme over C, let ﬁo,n(s ) be the groupoid of n-pointed stable rational curves over
S. An object in this groupoid is a flat and proper morphism of C-schemes 7: C' — S with n
sections such that every geometric fiber in an n-pointed stable rational curve. This groupoid has
no m; and we shall thus view ﬁo,n(S) as the set of its isomorphism classes. Because pullback
preserves flat and proper morphisms as well as fibers, ﬁo,n is a contravariant functor of S.

We denote by ﬁﬁo,n the subfunctor consisting of curves all of whose geometric fibers are
singular. For every partition K = (K1, K3) of {1,...,n} with |K;| = n; > 2, we denote by
8Kﬂ0,n the subfunctor of 3ﬁ07n consisting of curves whose geometric fibers are of the form
C1V Oy with z; € Cy if j € Ky and x; € Cy if j € K. There is a natural bijection

Mo, ni+1 X Mo,ny+1 = OxMo.n

which identifies the last section of the first curve to the first section of the second curve and
reorders the remaining sections appropriately.
In [Knu83a, Knu83b] Knudsen proves the following:

Theorem 1.1. The functor My, : (8ch/C)° — Set is represented by a smooth projective variety

of dimension n—3. The functor My, is a closed subvariety of codimension 1 whose irreducible
components are the subvarieties Ox Mg, .

He also proves that there is a contraction morphism M07n+1 — Mo,n that forgets, say, the
last section in a way that preserves stability. More precisely, the image of 7: C' — S is a curve
7' C' — S such that there exists a morphism f: C — C’, commuting with structure maps
and sections, which on each geometric fiber is either an isomorphism or contracts the irreducible
component of z,,+1 to a closed point (in case condition 3 would otherwise be violated). It is then
clear that the closed immersion ¢ : 8Kﬁ0,n — Mom is right inverse to any morphism ﬁO,n —
Mo ny+1 X Mon,+1 that on the first factor (resp. the second factor) contracts consecutively
all sections indexed by Ks (resp. by Ki) except one. Thus, the map ¢} induced by ¢x on
cohomology is surjective, while the map ¢x. on homology is injective.

The following description of H*(Mj ,,,Z) is from [Kee92].

Theorem 1.2. Let n > 3. The cycle class map A*(ﬁoyn) — H* (ﬁo’n,Z) 18 an isomorphism.
Moreover, the ring A*(My ) is generated by the cycles ¢, where K = (K1, K3) is a partition
of {1,...,n} with |K;| > 2, with only the following relations:

Z' ¢(I(ly]{Q) = ¢(K2,K1);



2. for any pairwise distinct indices i, j, k,l in {1,...,n},

dYoodk= > ox= Y. ¢K; (1)

ijeK: i keKy iIEK,
kleK, JleK2 JkeK2

3. ¢xor =0 unless K; C L; for some i,j € {1,2}.

We denote by 6x € H?(Mo ,,Z) the image of the prime divisor ¢x by the cycle class map.

2 Axioms for genus 0 Gromov—Witten invariants

Let V' be a smooth projective variety over C of complex dimension d. A tree level system of
Gromov—Witten classes for V is a family of Q-linear maps

Ignp: H'(V, Q)" = H* (Mo 0, Q),

defined for all n > 3 and all homology classes 5 € Hy(V,Z), required to satisfy the following
axioms. (From now on, cohomology is understood to have rational coefficients.)

Effectivity axiom. Ié/’ npg =10 unless (3 is is effective, i.e., has nonnegative intersection number
with the image of any ample line bundle in H?(V,Z), or equivalently, has nonnegative degree in
any projective embedding.

Y,-invariance axiom. Ig/n 5 1s Xp-equivariant (X, acts on H*(V,Q)®" with the Koszul sign

convention and on Mg, by permuting marked points).

Dimension axiom. Igfn,ﬂ is a graded map of degree 2(Ky, 3) — 2d, where Ky = ¢1(Q)%) €
H?(V,Z) is the canonical class of V.

Identity axiom. If n > 4,
IS{n,B(’Yl R V-1 ® 6) = W:(LIXTL—I,,@(,YI R ® fyn_l))

where m,, : ﬁ(},n — ﬁo,n—l forgets the nth marked point.
For n =3 and g # 0,
I(‘)f?,,ﬁ(')/l ® v ®e)=0.

Divisor axiom. If n > 4 and § € H*(V,Q),

ﬁn*I(gfn,B(Vl Q-1 @ 5) = <6a 5>I(§{n—1,,6’(71 PR ’-Yn—l)'

Mapping to point axiom.

(fvfyl /\-~-/\'yn)e Y vl = 2d,

IV R Q) =
0,n,0('71 Vn) 0 otherwise.

Splitting axiom. Let K = (K3, K3) be a partition of {1,...,n}, with |K;| = n; > 2. Then
(254}(](‘)/,”,5(71 ® Q) =% Z (I(Y,nl—s-l,ﬁl & I(‘)/,n2+1,ﬁ2)((®jel<ﬂj) ®A® (®jek,7i))s
B=pB1+B2

where A € H*(V,Q)®? is the image of the diagonal cycle and the sign is the Koszul sign arising
from moving the Ki- and Ks-indexed classes past one another. The effectivity axiom guarantees
that the sum on the right-hand side is essentially finite.

Motivic axiom. The map I(Y’n”@ comes from a morphism of Chow motives V" — Mg ,,(2d —
2(Ky, 3)). This axiom is not used in the next section.
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3 The first reconstruction theorem

The results of this section are from [KM94]. -
The codimension of a nonzero homogeneous class a € H*(Moy,) is 2n — 6 — [af, where
a € HI*l(Mo.,).

Proposition 3.1. Any tree level system of GW classes is determined by its classes of codimen-
sion zero. In fact, a homogeneous class I(}’:Hﬁ (71®---®7n) of positive codimension is determined
by codimension zero classes with at most n — 1 arguments.

Proof. Assume classes of codimension zero are known. We compute an arbitrary homogeneous
class a = Iy, 5(71 ® -+ ® ) by induction on n > 3. If n = 3, since Mo 3 is zero-dimensional,
the class is either zero or of codimension zero.

Let n > 4. For every partition K = (K7, Ks) of {1,...,n} with |K;| = n; > 2, the splitting
axiom expresses ¢« in terms of GW classes with a strictly smaller n (since n; + 1 < n), so it
is known by induction hypothesis. Consider the exact sequence

0— mker((ﬁ}) - H*<ﬁ0,n) - @H*(ﬁo,nﬂrl) ®q H*(ﬁo,mﬂ),
K K

in which the last arrow is sum of the ¢J-, and suppose that we can prove
(ker(¢c) = H*"=*(Mo.n). 2)
K

Then, since « is homogeneous, it either has codimension zero or is determined by all the ¢7 a.

The inclusion from right to left in (2) is clear because the dimension of ﬁo,mﬂ X Mo’n2+1
is one less than the dimension of Mo,w Conversely, consider a homogeneous class o € H? (ﬂo,n)
with ¢ja = 0 for all K. Thus a A dg = ¢r«pja = 0 for all K, and so a An = 0 for every
homogeneous class 7 with || > 0 (any such class being a rational polynomial in the dx’s with
no constant term, by Theorem 1.2). Since the pairings H'(Mo ) ®g H>" 5~ (Mop,) — Q,
a®nt [aAn, are perfect, either « = 0 or i = 2n — 6. O

Theorem 3.2 (First Reconstruction Theorem). Suppose that H*(V) is generated as a ring
by H?(V). Then any tree level system of GW classes is determined by its classes of the form
I{5 5(1 © 72 © 3) with ming|y;| = 2.

Let B C H2(V,Z) denote the monoid of effective classes. We endow the set of triples (n, 3, k)
with n > 3, § € B, and k > 0 with the lexicographic order: (n,S,k) < (n/,8',K') if n < n/, or if
n=n' and 8 < ' (which means that 8 = '+ 8" for some 8” € B—{0}),orif n=n', =0,
and k < k’. The monoid B is obviously torsion-free and it is finitely generated because B ®7 Q
is a cone in the finite-dimensional vector space Ha(V,Q). It follows that this partial order is
well-founded, and we are therefore entitled to reason by induction with respect to it.

In addition to the classes in the statement of the theorem, we can therefore assume that the
classes Igfn,’ﬁ,(*y{ ® -+ ® ) are known for all (n/, ', min;|v}|) < (n, 8, min,|y,|), and we must
show that I(‘){n,g(% ® -+ ® 7yy,) is uniquely determined by the axioms. By Proposition 3.1, we
are already done unless Igf np(M1 ® -+ ®7,) has codimension zero, which we assume from now
on. The point of this assumption is that the map m,.: H**“5(My,,) — H>™"D75Mg,,_1)
appearing in the divisor axiom is an isomorphism.

If B =0, the class is determined by the mapping to point axiom. If n > 4 and min;|y;| is
0 (resp. 2), it is determined by the identity axiom (resp. the divisor axiom and the fact that it
has codimension zero), ¥,-invariance, and the induction hypothesis. If n = 3 and min;|y;| is 0
(resp. 2), it is determined by the identity axiom and X,-invariance (resp. by assumption).

Assume therefore that 8 > 0 and min,|v;| > 2. By reordering the arguments, we can assume
that |7,| = min,|v;|. Since H*(V) is generated by H?(V'), we can further assume that v, = § A€
where |§] = 2 and |e| > 2.



Lemma 3.3. Leti,j,k,l be four distinct indices in {1,...,n}, n >4, and let Ign’5(71®- @)
be a GW class. Then for appropriate signs, the class

£ i jule ®IY 1 5(3 A © (Riij ) £ Gras(e @ I 1 5(v6 AWt @ (Resr i)
£ Gk (e @ Ig 1 5(% Ak @ (Rui k1)) £ Bjis(e @ Ig 1 5(1 AN ® (@e101)))
is determined by GW classes of lower order. Here ¢; ; IEo,g X ﬁo,n—l — ﬁO,n 18 the divisor
for the partition (K1, Ko) with K1 = {i,j}, and e € H*(Mg 3,Q) is the ring unit.
Proof. We use the relations (1):

> kbl @ @) = Y Stk ) g (N @ @)

1,J €K1 i,keKy
k,leKo JlEK,

By the splitting axiom, this becomes

S0 ka1, @ Ingr1,8.) (@mer,Tm) © A® (Qmek, Ym))

1,J€EK1 B=P1+P2
k,JleKs

Z Z :l:(be* (IS/,nl—i-l,ﬁl ® Ig/,n2+1752)((®m61(177n> ®A® (®m€K2'}/m))

i, k€K1 f=B1+p2
JleEK>

All nonzero terms only involve classes of order strictly less than (n — 1, 3), except those terms
in which ny =2 and 87 = 0, or np = 2 and By = 0. There are two such terms on each side of
the equality. Let’s look at the term on the left-hand side indexed by K; = {4, j}:

¢ (Ig 30 ® 1) n_1.5) (% ® Y @ A ® (Runsti,jVm))

(the order of v; and ; only affects the sign, as the following computation shows). If we write
A =3, 0aa® B, then IV3 o(v ®7; @ ) = ([}, 7 Avj Aaq)e by the mapping to point axiom (if
the integrand is not a top class, let the integral be zero). Poincaré duality and the computation

Za:/v(/vaaa> BaAv’z/VvaT(v)/\pé(v')/\A= A(V)pi‘(v)/\pé(v’)z/vav’

show that for any cohomology class ~, Za(fv YA @q)Ba = 7. Thus,

+(Ig30 ® 1) 0 1.8) (% ® 7 © A® (Vmrtij¥m)) = T ® I 1 (¥ A © (Rmsti,jYm)-

A similar computation puts the other three terms in the desired form. O

The lemma applied to the indices 1,2,n,n+1 € {1,...,n+ 1} and the induction hypothesis
show that the expression
£ (12) (€@ 1), 5 (N A1 O B © Y1 ® D))
+ (Pnnt1)(e® I(Y,n,ﬂ((s NeRM®: @ Yn—1))
£ (1n):(e R I3 s(MATRY2 R @ Vne1 D€))
£ (G2,n41):(e®@IY 4(2AERN @ V3R -+ @ Y1 ® J))

is uniquely determined. Since ¢ is injective, the second term determines IO n 5(71 ®: - ®Yn)-
But the other three terms are also determined by induction hypothesis, since |5 | < m1n1|'yl| and
le| < min;|vy;|. This completes the proof of Theorem 3.2.

Further restrictions on the classes of Theorem 3.2 are obtained by noting that the class
I(Y,:z,,@ (71 ® ¥2 ® 7y3) can be nonzero only if

|71| + |’72| + |’73| =2d — 2<KV76>7

by the dimension axiom. Since |vy;| < 2d and min;|y;| = 2, it will therefore vanish unless S
satisfies
Cd-1< Ky, B <d-3

If (and only if) ker(Ky,—) N B = 0, there are only finitely many such effective 3.
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